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$ VHPL�DQDO\WLFDO� QXPHULFDO� PHWKRG� RI�GHWHUPLQLQJ�VWUHVV�LQWHQVLW\� IDFWRUV�IRU�FRPSOH[�JHRPHWULFDO� FRQILJXUDWLRQV� ZLWK� PXOWLSOH� VLWHV�GDPDJH� LV� SUHVHQWHG�� 7KH� DFFXUDF\� RI� WKH�PHWKRG� LV� DVVHVVHG� XVLQJ� VLQJOH� FUDFNHG� KROH�FRQILJXUDWLRQ� IRU� ZKLFK� DOWHUQDWLYH� VROXWLRQV�DUH�DYDLODEOH��)LQDOO\�VWUHVV�LQWHQVLW\�IDFWRUV�DUH�REWDLQHG� IRU� FUDFNV� DW� D� WZR�FUDFNHG�KROH� LQ�ILQLWH�ZLGWK�VWULS�PRGHO��
� *HQHUDO�,QWURGXFWLRQ� �
0XOWLSOH�6LWH� 'DPDJH� �06'�� LV� WKH� WHUP� XVHG�WR� LQGLFDWH� WKH� GHYHORSPHQW� RI� VWUXFWXUDO�GDPDJH� LQ� YDULRXV� ORFDWLRQV� GXH� WR� VWUHVV�FRQFHQWUDWLRQ�� ZKLFK� VSHFLDOO\� PHDQV� WKDW�FUDFNV�WDNH�SODFH�DW�WKH�IDVWHQHU�KROHV�RI�DLUFUDIW�VWUXFWXUDO� ULYHW� OLQH��7KH�SUHVHQFH�RI� WKH�FUDFNV�PD\� ZHDNHQ� WKH� VWUXFWXUH� DQG� OHDG� WR� D�UHGXFWLRQ� LQ� LWV�RSHUDWLRQDO� OLIH��7KHUHIRUH�� LW� LV�QHFHVVDU\� WR� SUHGLFW� WKH� EHKDYLRU� RI� WKH� FUDFNV�XQGHU� VHUYLFH� FRQGLWLRQV� VR� DV� WR� HVWLPDWH� WKH�VWUXFWXUDO� VDIHW\� DQG� UHOLDELOLW\��ZKLFK� VWURQJO\�GHSHQGV� XSRQ� WKH� SUHFLVH� HYDOXDWLRQ� RI� WKH�VWUHVV� LQWHQVLW\� IDFWRUV� �6,)�� DW� WKH� FUDFN� WLSV�WKDW�JRYHUQ�WKH�GDPDJH�GHYHORSPHQW��:LWK� VLQJOH� ILQLWH� HOHPHQW� PHWKRG�� WKH�FRPSXWDWLRQDO� HIIRUW� LV� LQVXUPRXQWDEOH� WR�SHUIRUP� WKH� 6,)� FDOFXODWLRQ�ZKHQ� D� OLWWOH�PRUH�FRPSOH[�06'�FRQILJXUDWLRQ�LV�FRQVLGHUHG��7KH�XVH� RI� ZHLJKWLQJ� IXQFWLRQ� PHWKRG� LV� RIWHQ�UHVWULFWHG� E\� WKH� FRPSOH[LW\� RI� FUDFN� GDPDJH�FRQILJXUDWLRQ�� $QG� DOVR� WKH� FRPSRXQGLQJ�PHWKRG� >�@� LV� GLIILFXOW� WR� FRQGXFW� YDULHWLHV� RI�

FRPSOLFDWHG� 6,)V� FRPSXWDWLRQ� LQ� FRPSXWHU�SURJUDPPLQJ�� ,Q� WKLV� SDSHU�� ILQLWH� HOHPHQW�PHWKRG� FRPSRXQGLQJ� PHWKRG�� ZHLJKWLQJ�IXQFWLRQ� DQG� DOWHUQDWLQJ� LWHUDWLRQ� WHFKQLTXH� DUH�FRPELQHG� DQG� GHYHORSHG� LQWR� D� QHZ�VHPL�DQDO\WLFDO� QXPHULFDO� PHWKRG� WR� DSSO\� WR�WKH FRPSXWDWLRQ� RI� WKH� 6,)V� LQ� WKH� 06'�VWUXFWXUH�� �,Q� VHFWLRQ� ��� RQH� PRGHO� RI� 06'�FRQILJXUDWLRQ�KDV�EHHQ�WDNHQ�DV�FDVH�VWXG\��DQG�WKH VROYHG� 6,)V� RI� D� FUDFNHG� KROH� VWULS� PRGHO�KDYH EHHQ�FRPSDUHG�ZLWK�WKH�6,)V�FXUYHV�LQ�WKH�6,)V� +DQGERRN�� PHDQZKLOH�� JRRG� DFFXUDF\�FRLQFLGHQFH� FDQ� EH� IRXQG�� $� PRUH� FRPSOH[�FRQILJXUDWLRQ� LV� VWXGLHG� LQ� VHFWLRQ����ZKHUH� WKH�ILQLWH�ZLGWK� VWULS� ZLWK� D� URZ� RI� FUDFNV� IURP�KROHV�ZLWK�GLIIHUHQW� OHQJWKV� LV� VXEMHFWHG� WR� WZR�GLIIHUHQW ORDG�FDVHV��
� 0HWKRG�
7KH 6,)� RI� D� FUDFN� LQ� D� 06'� FRQILJXUDWLRQ�FRQWDLQLQJ�FR�OLQHDU�FUDFNHG�KROHV�LV�LQIOXHQFHG�E\� WKH� FRPSOH[� IRUFH� DQG� JHRPHWULFDO�ERXQGDULHV�� H�J�� KROHV�� RWKHU� FUDFNV� DQG� VKHHW�HGJHV��:KHQ�WKH�ZHLJKW�IXQFWLRQ�LV�EHLQJ�XVHG��WKH WZR� NLQGV� RI� ERXQGDU\� FRQGLWLRQV� FDQ� EH�FRQVLGHUHG� VHSDUDWHO\�� 8VLQJ� WKH� PHWKRG�SUHVHQWHG��WKH�GLVWULEXWLRQ�RI�VWUHVV�RQ�WKH�FUDFN�VXUIDFH� LV� FDOFXODWHG� WKURXJK� ILQLWH� HOHPHQW�PHWKRG� DQG� WKHQ� LV� XVHG� LQ� WKH� VLQJOH� FUDFN¶V�ZHLJKW�IXQFWLRQ�RI�FRPSOH[�FRQILJXUDWLRQ��DJDLQ�WKURXJK DOWHUQDWLQJ� LWHUDWLRQ�� WKH� 6,)V� RI�06'�FRQILJXUDWLRQ�FDQ�EH�VROYHG���

$ 6(0,�$1$/<7,&$/�180(5,&$/�0(7+2'�2)�'(7(50,1,1*�675(66�,17(16,7<�)$&7256�)25�08/7,3/(�6,7(�'$0$*(�6758&785(�
�:X�/LQJ��6XQ�4LQ� ��'HSDUWPHQW�RI�$LUFUDIW�(QJLQHHULQJ��1RUWKZHVWHUQ�3RO\WHFKQLFDO�8QLYHUVLW\��6KDDQ[L��3��5��&KLQD��

.H\ZRUGV� VWUHVV�LQWHQVLW\�IDFWRU�6,)�� PXOWLSOH�VLWH�GDPDJH�06'�� ZHLJKW�IXQFWLRQ
DOWHUQDWLQJ�LWHUDWLRQ� �
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����:HLJKW�IXQFWLRQ�DQG�ILQLWH�HOHPHQW�PHWKRG�
8QGHU� FRPSOH[� ORDG� FLUFXPVWDQFH� WKH� ZHLJKW�IXQFWLRQ� PHWKRG� >�@� SURYLGHV� SRZHUIXO� DQG�VLPSOH�PHDQV�IRU�FDOFXODWLQJ�6,)��)RU�DQ\�JLYHQ�
VWUHVV� GLVWULEXWLRQ� ��[V LQ� WKH� XQFUDFNHG�
FRPSRQHQW�WKH�6,)�UHVXOWV�LQ��VHH�)LJ����� �

D:I. SV � ���
ZKHUH� V LV� D�QRUPDOL]LQJ�VWUHVV�ZKLFK�FDQ�EH�
FKRVHQ� IUHHO\�� I LV� WKH� QRQ�GLPHQVLRQDO� 6,)�
DQG ZULWWHQ�LQ�IRUP�
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KHUH�� HT���� LV� WKH� H[SUHVVLRQ� RI� WKH� ZHLJKW�IXQFWLRQ� IRU� HGJH� FUDFN�� )RU� D� JLYHQ�FRQILJXUDWLRQ� ZLWK� D� FUDFN�� LI� WKH� UHIHUHQFH�
ORDGLQJ� ��[UV DQG�WKH�FRUUHVSRQGLQJ�UHIHUHQFH�
6,)� ��DI U DUH� NQRZQ�� WKH� UHIHUHQFH�
GLVSODFHPHQW� ��� D[XU FDQ�EH�GHWHUPLQHG�EDVHG�
RQ VRPH�QDWXUDO�FRQGLWLRQV��VXFK�DV� �x FUDFN WLS�UHODWLRQ�x VHOI�FRQVLVWHQF\�x ]HUR�FXUYDWXUH�DW�WKH�FUDFN�PRXWK��

8VLQJ WKH� UHODWLRQVKLS� EHWZHHQ� ��� D[XUDQG� ��� D[P � WKH� ��DLE �IXQFWLRQ� FDQ� EH�
REWDLQHG���

)RU FRPSOLFDWHG� FRQILJXUDWLRQ� ZLWK�FRPSOH[� IRUFH� ERXQGDULHV�� WKH� DQDO\WLFDO�
VROXWLRQ�RI�WKH ��[V LV�DOZD\V�GLIILFXOW�WR�JHW��6R�
WKH� ILQLWH� HOHPHQW� PHWKRG� LV� XVHG� KHUH� WR�
FDOFXODWH� WKH� VWUHVV� ��[V � %\� XVH� RI� ��QRGH�
LVRSDUDPHWULF� HOHPHQWV�� QRW� RQO\� WKH� VWUHVV� RI�WKH *DXVV�LQWHJUDWLRQ�SRLQW�RQ�WKH�FUDFN�OLQH�FDQ�EH REWDLQHG�GLUHFWO\�IURP�LQWHUSRODWLRQ��EXW�DOVR�D KLJK� DFFXUDF\� FDQ� EH� NHSW�� &RPELQLQJ� HT�������� ZLWK� WKH� ILQLWH� HOHPHQW� FDOFXODWLQJ�� WKH�
H[SUHVVLRQ�RI� I LV�ZULWWHQ�LQ�D�GLVFUHWH�IRUP�
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ZKHUH� 1 � WKH�WRWDO�QXPEHU�RI� WKH�HOHPHQWV�RQ�
WKH FUDFN� OLQH�� NO � WKH� VLGH� OHQJWK� RI� WKH� N WK�
HOHPHQW�RQ�WKH�FUDFN�OLQH�� MN �V � WKH�VWUHVV�RI�WKH�
M WK�*DXVV�LQWHJUDWLRQ�SRLQW�RQ�WKH� N WK�HOHPHQW��

MD � WKH� ZHLJKW� FRHIILFLHQW� FRUUHVSRQGLQJ� WR�
*DXVV� SRLQWV�� DQG� MN[ � � WKH� FRRUGLQDWH� RI�
WKH M WK� *DXVV� LQWHJUDWLRQ� SRLQW� RQ� WKH N WK�
HOHPHQW��7KH�6,)V�RI�WKH�VLQJOH�FUDFN�FRQILJXUDWLRQV�VXEMHFWHG� WR� FRPSOH[� ORDGLQJ�FDQ�EH� VROYHG�E\�ZHLJKW IXQFWLRQ�PHWKRG�PHQWLRQHG�DERYH�� WKHQ�WKH UHVXOWV� ZLOO� EH� XVHG� LQ� WKH� DOWHUQDWLQJ�LWHUDWLRQ�SURFHVV�WR�GHWHUPLQH�WKH�6,)V�RI�06'�FRQILJXUDWLRQ��
����$OWHUQDWLQJ�LWHUDWLRQ�SURFHVV�

$OWHUQDWLQJ� WHFKQLTXH� ZDV� RULJLQDOO\�GHYHORSHG� IRU�FR�OLQHDU� FUDFNV� LQ� LQILQLWH� VKHHW��7RJHWKHU� ZLWK� WKH� ZHLJKW� IXQFWLRQ� DQG� ILQLWH�HOHPHQW�FDOFXODWLQJ��WKH�PHWKRG�LV�XVHG�KHUH�IRU�FUDFNV� DW� WKH� HGJH� RI� KROHV� LQ� ILQLWH� VKHHW��7KH�WKHRU\� DQG� SURFHVV� RI� WKH� DOWHUQDWLQJ� LWHUDWLRQ�WHFKQLTXH�LV�GHVFULEHG�DV�VKRZQ�LQ�)LJ���� ,I�ZH�ZDQW WR�JHW�WKH�UHVXOW�RI�)LJ���D��IURP�)LJ���E���WKH UHVLGXDO�VWUHVV�1$��DW�WKH�ORFDWLRQ�RI�VXUIDFH�$ LQ�RWKHUZLVH�LPDJLQDU\�XQFUDFNHG�ERG\�PXVW�EH HOLPLQDWHG� E\� ORDGLQJ� WKH� UHYHUVH� VWUHVV� RI�1$�� RQ� VXUIDFH� $�� )LJ���F��� 7KHQ� WKH� UHYHUVH�VWUHVV� RI� 1%�� ZKLFK� DULVHV� DW� WKH� VXUIDFH� %� RI�
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)LJ���6LQJOH�FUDFN�DW�WKH�HGJH�RI�D�KROH
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WKH�XQFUDFNHG�ERG\�IURP�WKH�ORDGLQJ�RI�WKH��1$��VKRXOG�EH�ORDGHG�RQ�FUDFN�VXUIDFH�%�WR�HUDVH�WKH�UHVLGXDO� VWUHVV�� )LJ���G��� $JDLQ� WKH� UHVLGXDO�
VWUHVV� 1$�� ZLOO� DULVH� RQ� WKH� VXUIDFH� $� �
5HLWHUDWH� WKH� VWHSV� GHVFULEHG� DERYH� XQWLO� WKH�UHVLGXDO� VWUHVV� YDQLVKHV�� %XW� LQ� D� SUDFWLFDO�FDOFXODWLRQ�� WKH� FDOFXODWLRQ� FDQ� VWRS� DV� WKH�DEVROXWH�YDOXH�RI� WKH� UHVLGXDO� VWUHVV� JRHV� LQ� DQ�DGPLVVLEOH�VWUHVV��7KH�DOWHUQDWLQJ�SURFHVV�ILQDOO\�\LHOGV�
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%\�DOWHUQDWLQJ� WHFKQLTXH� WKH�6,)V�RI�06'�FRQILJXUDWLRQ� FDQ� EH� FRQYHUWHG� LQWR� WKH�VXPPDWLRQ�RI�VLQJOH�FUDFN¶V�6,)��DQG�WKH�ZHLJKW�IXQFWLRQ�ZDV� XVHG� WR� FDOFXODWH� WKH� 6,)� RI� HDFK�VLQJOH�FUDFN���

� 'HWHUPLQDWLRQ�RI�UHIHUHQFH�6,)� �
7KH�IRUHJRLQJ�GHULYDWLRQ�RI�ZHLJKW�IXQFWLRQV�LV�EDVHG�RQ�WKH�NQRZOHGJH�RI�D�UHIHUHQFH�ORDG�FDVH�
DQG�WKH�FRUUHVSRQGLQJ�UHIHUHQFH�6,)� ��DI U �

5HPRWH� XQLIRUP� WHQVLRQ� LV� RIWHQ� WDNHQ� DV�WKH�UHIHUHQFH�ORDG�FDVH�IRU�ZKLFK�DFFXUDWH�VWUHVV�LQWHQVLW\� IDFWRUV� DUH� HDV\� WR� JHW� ZLWK� WKH�

FRPSRXQGLQJ PHWKRG�� )RU� WKH� 06'�FRQILJXUDWLRQV�FRQVLGHUHG�KHUH��WKH�6,)�RI�VLQJOH�FUDFN LV� LQIOXHQFHG� E\� WKH� WKUHH� IDFWRUV� RI� WKH�FUDFNHG� KROH�� WKH� KROHV� QHDUE\� DQG� WKH�ERXQGDULHV RI�WKH�VKHHW��6R�WKH�QRQ�GLPHQVLRQDO�UHIHUHQFH 6,)�LV�
ZRKKU IIIII uuu �
� ���

�I �WKH�QRQ�GLPHQVLRQDO�6,)�RI�FHQWHU�FUDFN�LQ�D�LQILQLWH�VKHHW��HTXDO�WR����
KI �WKH�PRGLILHG�IDFWRU�RI�WKH�FUDFNHG�KROH��
RKI �WKH�PRGLILHG�IDFWRU�RI�WKH�KROH�QHDUE\��
ZI �WKH PRGLILHG�IDFWRU�RI�WKH�ERXQGDULHV�RI�

WKH�VKHHW�� �,Q� HT������ ZKHQ� WKH� KROHV� DOLJQV� ZLWK� WKH�VDPH� OLQH�� HDFK� QHDUE\� KROH� KDV� LWV� PRGLILHG�
IDFWRU RKI � ,I� WKH� VSDFH� EHWZHHQ� WZR� KROHV� LV�
JUHDWHU� WKDQ� RU� HTXDO� WR� WULSOH� WLPHV� RI� WKH�KROH�UDGLXV�� LW� LV� HQRXJK� RQO\� WR� FRQVLGHU� WKH�HIIHFWV�RI�WZR�KROHV�QHLJKERUHG�WR�HDFK�FUDFNHG�KROH��DQG�WKH�HUURU�LV�OHVV�WKDQ�����

x 7KH FDOFXODWLRQ�RI� KI7KH�HIIHFW�RI�WKH�FUDFNHG�KROH�RQ�WKH�6,)�RI� LWV� HGJH� FUDFN�� VHH� )LJ���� WDNHV� WKH�IRUP�RI�>�@�
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ZKHQ� WKH� LQILQLWH� VKHHW� VXEMHFW� WR� WKH�UHPRWH�XQLIRUP�WHQVLRQ�SHUSHQGLFXODU�WR�FUDFN�OLQH�LV�FRQVLGHUHG��
x 7KH FDOFXODWLRQ�RI� RKI$V� WKH� FUDFN� KDV� WRXFKHG� WKH� KROH�� WKH�RULJLQDO�FUDFN�OHQJWK�VKRXOG�EH�PRGLILHG�LQWR�>�@�

�

KDID  � ���

7KH� PRGLILHG� IDFWRUV� RI� WKH� KROH�QHDUHVW�WR�WKH�FUDFN�>�@��VKRZQ�DV�)LJ����DUH�
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)LJ���$OWHUQDWLQJ�WHFKQLTXH�IRU�WZR�
FUDFNV�DW�D�KROH�HGJH�LQ�D�ILQLWH�VKHHW�
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7KH� FRHIILFLHQWV� QF LQ WKH� ODVW�
H[SUHVVLRQ� FDQ� EH� REWDLQHG� IURP� WKH�ILWWLQJ�RI�WKH�FXUYHV�WKDW�DUH�SUHVHQWHG�LQ�6,)V�KDQGERRNV���

x 7KH�FDOFXODWLRQ�RI� ZI7KH�HIIHFWV�RI�WKH�HGJHV�RI�WKH�VKHHW��)LJ��� FDQ�EH�ZULWWHQ�DV�>�@�
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ZKHUH� WKH� FRHIILFLHQWV PQG FRPH� IURP� �
SDUDPHWULF�ILWWLQJV�DQG�WKH�GDWD�UHVRXUFH�FDQ� EH� DFTXLUHG� IURP� SXEOLVKHG�GRFXPHQWV���

7KURXJK� WKH�SRO\QRPLDO�SDUDPHWULF� ILWWLQJV�RI WKH� 6,)�PRGLILHG� IDFWRUV�� WKH� FRPSXWDWLRQDO�SURFHVV� RI� FRPSRXQGLQJ�PHWKRG� LV� IRUPXOL]HG�DQG IDFLOLWDWHV� WKH� LPSOHPHQWDWLRQ� RI� FRPSXWHU�SURJUDPPLQJ��&RPSDUHG�ZLWK� WKH� UHVXOWV� OLVWHG�
LQ WKH�UHIHUHQFH�>�@��WKH�ILWWLQJ�HUURUV�RI� QF DUH�
ZLWKLQ� OHVV� WKDQ�����DQG�ZLWKLQ������IRU� PQG �
VKRZQ DV�)LJ�����
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)LJ���$�FUDFN�DSSURDFKLQJ�D�KROH
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)LJ���$�FUDFN�LQ�D�ILQLWH�ZLGWK�VWULS
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RK$I
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RK%I

�D�7KH�FRHIILFLHQW
RK$I

�E�7KH�FRHIILFLHQW
RK%I
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Z%�

�F�7KH�FRHIILFLHQWV
Z$I DQG� Z%I

)LJ���7KH�PRGLILHG�FXUYHV�IURP�GDWD�ILWWLQJ
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� 7HVWHG�06'�FRQILJXUDWLRQ�
,Q� RUGHU� WR� WHVW� WKH� PHWKRG�� D� W\SLFDO� 06'�FRQILJXUDWLRQ� LV� VXSSRVHG� DV� FDVH� VWXG\��&RQVLGHU� WZR� GLDPHWULFDOO\� RSSRVHG� UDGLDO�FUDFNV� HPDQDWLQJ� IURP� WKH� HGJH� RI� D� FLUFXODU�KROH� LQ� D� UHFWDQJXODU� SODWH� RI� ILQLWH�ZLGWK�ZLWK�
WKH� DVSHFW� UDWLR�+�Z ���7KH� FUDFN� OHQJWKV� DUH�
�D DQG �D UHVSHFWLYHO\�� DQG� UHPRWH� XQLIRUP�

WHQVLRQ�LV�DSSOLHG�WR�WKH�ERWK�LQILQLWH�HQGV��)LJ���VKRZV� WKH� ¦�YDOXHV� IRU� YDULHG� FUDFN� OHQJWKV�FDOFXODWHG� E\� ILWWLQJ� LQ� WKLV� SDSHU�� 7KH�WHQGHQFLHV� DQG� YDOXHV� RI� WKH� FXUYHV� FRLQFLGH�YHU\� ZHOO� ZLWK� WKRVH� SUHVHQWHG� LQ� WKH� 6,)�KDQGERRN >�@���

� 'RXEOH�FUDFNHG�KROHV�LQ�ILQLWH�ZLGWK�VWULS�
$ ILQLWH�ZLGWK�VKHHW���)LJ�����KDV�WZR�KROHV�ZLWK�RQH�RU�WZR�FUDFNV�LQ�LW��'HQRWH�WKH�UDGLXV�RI�WKH�KROH� E\� U� WKH� FUDFN� OHQJWK� E\� D� WKH� VSDFH�EHWZHHQ WKH�KROHV�E\� V� DQG� WKH� VSDFH�EHWZHHQ�WKH KROH�DQG�WKH�VKHHW�HGJH�E\�H�
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����7ULDQJOH�VWUHVV�
,Q�WKLV�VHFWLRQ��WKH�VKHHW�LV�VXEMHFWHG�WR�WULDQJOH�WHQVLRQ�VWUHVV�DW� WKH�ERWK� UHPRWH�HQGV�� WKH� ORDG�FDVH�LV�VKRZHG�LQ�ILJ����$QG�WKH�¦�D FXUYHV�IRU�V
 �U�DQG�H �U DUH�JLYHQ�LQ�ILJ��� D.I , SV ���
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� 'LVFXVVLRQ�DQG�FRQFOXVLRQV�
)LQLWH�ZLGWK� VKHHW�ZLWK� FR�OLQHDU� FUDFNHG� KROHV�LV� D� W\SLFDO� PRGHO� RI� RIWHQ�KDSSHQHG� 06'�
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