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Abstract

This paper points out two small effects concern-
ing lift-induced drag and wing-tip dihedral. To
this end, a far field technique is used to extract
drag from Euler computations. Numerical pre-
dictions show that at fixed projected span down-
ward winglets produce less lift-induced drag than
upward winglets of the same length. It is also
found that at fixed winglet length, the minimum
lift-induced drag is obtained with a little negative
dihedral. These two effects are thought to be due
to a better layout of the bound vorticity relative to
the trailing vorticity.

Nomenclature

� dihedral angle
 specific heat ratio
� air density
� circulation
� aspect ratio
hi specific stagnation enthalpy
~q local velocity vector
ra air specific constant
s specific entropy
u; v; w x; y; z wind-axis velocity components
CDi

lift-induced drag coefficient
CL lift coefficient
Di lift-induced drag
Dv+w irreversible drag (viscous + wave)

Copyright c 2002 by P. Bourdin. Published by the
International Council of the Aeronautical Sciences, with
permission.

M Mach number
X1 freestream value of X
�X X �X1

1 Introduction

Lift-induced drag minimization has been a sub-
ject of interest since Prandtl[7] developed his
lifting line theory. In the frame of this theory, the
planar wing with spanwise elliptic loading was
proven to produce less lift-induced drag than any
other planar wing with the same span and lift.
The minimum lift-induced drag of non-planar
wing shapes was addressed by Munk[6], and
analytical solutions for certain non-planar lifting
systems were derived by Cone[1]. Thus, the
problem has been well outlined from a theoreti-
cal point of view. More recently with the advent
of super-computers, numerical methods based on
more complete flow models than those of Prandtl
or Munk have been used to address the problem
[16][10]. In light of the obtained numerical
results, two points must be emphasized. First
point, only small effects seem to be found out
when comparing the predicted results to the
results of the linear theory of Prandtl and Munk.
Second point, since small effects are expected,
numerical methods allowing sufficient accuracy
must be used.

The present paper is intended to highlight
some small effects in lift-induced drag reduc-
tion by providing accurate results coming from
the post-processing of Euler numerical flow so-
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lutions, and to compare them to results obtained
in the frame of linear theory, as well as to results
obtained in the frame of a recent mathematical
model derived by Eppler[4].

2 Numerical Approach

2.1 Mathematical Model

The wide use of inviscid flow equations for study-
ing lift-induced drag, rather than more complete
models of the flow accounting for viscosity, is
based on the physical concept that the mechanism
for producing lift-induced drag is the influence
of the wing trailing vortex sheet on the wing
itself, a fundamentally inviscid mechanism[10].
Although viscosity is required to produce a
circulation distribution along the wing span, the
magnitude of this circulation and the associated
wake vorticity are essentially independent on
the fluid viscosity as long as no separation occurs.

By ascending order of modelisation level, the
available numerical methods for solving inviscid
flows are:

1. vortex lattice methods (VLM)

2. panel methods

3. full-potential CFD codes

4. Euler CFD codes

Methods of classes 1�3 have a much lower com-
putational cost than methods of class 4. This is
why they are still often preferred to Euler codes
for lift-induced drag parametric studies. Their
main weakness lies in the wake model, because
they all require that the wake geometry be spec-
ified or fitted as a boundary condition before the
numerical solution takes place. On the contrary,
the freely deforming wake shape is captured in
the solution with Euler codes. Therefore, an Eu-
ler code will be mainly used in this paper, as it
gives the most complete description of an invis-
cid flow. However, Euler numerical flow solu-
tions show some spurious viscous-like behavior,
which makes surface pressure integration quite

inaccurate for drag prediction[8][12]. An issue
is provided by the use of the momentum theo-
rem, which relates drag to a surface integral in
the so-called Trefftz plane (a plane far down-
stream of the lifting surface and normal to the
freestream direction). This approach is called the
far field approach, and in the case of inviscid
subsonic flows, the Trefftz-plane integral corre-
sponds to lift-induced drag only. Numerical re-
sults obtained with this technique are found to be
much more accurate than those obtained by sur-
face pressure integration[8]. Thus, an Euler code
combined with a far field analysis can offer the
adequate precision to highlight small effects in
lift-induced drag reduction.

2.2 Computational Sequence

2.2.1 Flow Solver

The ONERA Euler solver CANARI[15] is used
to simulate steady inviscid compressible flows
around 3D configurations. The code uses a fi-
nite volume method based on a cell-centered ap-
proach and structured multi-block grids. Jame-
son’s second order central scheme is applied for
spatial discretization[5] and a four stage Runge-
Kutta explicit method is taken as a time marching
approach. In order to suppress spurious oscilla-
tions and overshoots near flow discontinuities and
stagnation points, blended second and fourth dif-
ference non-linear artificial dissipation terms are
added to the governing discretized equations.

2.2.2 Post-Processor for Drag Extraction

Drag is extracted through a field analysis. This
technique, which requires a complex post-
processing of the numerical flow solution, gives
a phenomenological breakdown into physical
components (lift-induced drag, wave drag, and
with the Navier-Stokes equations, viscous drag).
Besides, numerical schemes and meshes used
in CFD produce spurious drag sources which
may be distinguished from physical drag, and
eliminated, by an appropriate analysis of the
field. This is the main asset of the far field
technique, since spurious contributions to drag
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cannot be distinguished from physical production
by surface force integration[3][8] (spurious con-
tributions are embedded in the pressure and shear
stress distributions over the body skin). The
field analysis method developed at ONERA is a
post-processor to Euler and Navier-Stokes solu-
tions computed with multi-block structured grids.

The theoretical basis of far field drag deriva-
tion is the use of the momentum theorem. In
the case of Euler or Navier-Stokes flow mod-
els, its straight application yields only the to-
tal drag and does not allow physical components
to be extracted. However, wave and viscous
drag (the latter in the Navier-Stokes model) are
produced by irreversible phenomena, while lift-
induced drag is related to reversible phenomena
through which transverse kinetic energy is added
to the flow downstream of lifting finite surfaces.
Then, through an appropriate choice of variables,
numerical approximations and phenomenological
considerations, expressions for irreversible drag
and lift-induced drag can be derived from the
momentum theorem. The formulation used in
the ONERA method follows van der Vooren’s
reference[13]: let V0 denote the volume inside a
closed surface containing the aircraft, the shock
waves, and the areas dominated by the effects of
viscosity. Then the drag force produced by irre-
versible phenomena can be expressed as:

Dv+w =
Z Z Z

V0

div~fv+w d# (1)

with

~fv+w=��q1
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The lift-induced drag, computed on a transverse
surface ST large enough for flow perturbations
to vanish on its outer boundary, and far enough
downstream from the lifting system for longitu-
dinal gradients to be negligible, is given by:
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An original feature of the ONERA method con-
cerns lift-induced drag prediction which is of
main interest in this paper. It has been ob-
served that in numerical solutions of lifting flow
problems, the transverse kinetic energy decreases
downstream of the body at a much faster rate than
in reality[2]. Actually, with the Euler theoreti-
cal model, it should not decrease at all when as-
suming incompressible flows. This phenomenon
has been ascribed to the effect of artificial dissi-
pation which can be strong in the far field, grids
becoming unavoidably very coarse in this area.
Unfortunately, this transverse kinetic energy ap-
pears in the formula given previously for Di, and
is the term which becomes dominant far enough
downstream from the lifting system. Therefore
lift-induced drag directly computed with this for-
mula (see Eq. 3 to 5) decreases as the integration
surface moves downstream. An example of the
evolution of the quantity, which will henceforth
be called “apparent lift-induced drag” rather than
lift-induced drag, is presented in Fig. 1. Part of
the lift-induced drag is in fact transformed into
spurious viscous drag, mostly in the area of the
tip vortex. This being like an irreversible phe-
nomenon, the resulting spurious drag can be com-
puted by applying the formula for irreversible
drag (see Eq. 1 and 2) between the origin of the
tip vortex and ST , the surface of integration of the
apparent lift-induced drag. The correction thus
computed (automatically) by the ONERA method
matches the loss of apparent lift-induced drag,
and if added to this quantity, gives results almost
independent of the location of ST (see Fig. 1), as
it must be in the Euler theoretical model for sub-
critical flows.
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Fig. 1 Exhaustive far field drag analysis in invis-
cid 3D flow (Euler computation, M1 = 0:2).

2.2.3 Computational Test Case

An untwisted wing of elliptic planform (� = 8,
NACA 0012 airfoil) is considered in a low-speed
inviscid flow (M1 = 0:2) at an 8-degree angle
of attack. Therefore, wave and viscous drag
components do not exist, and only lift-induced
drag remains. According to the Prandtl lifting
line theory, the lift-induced drag coefficient

should be equal to C2
L

�� for this planform.

Due to the flow symmetry, only the semi-span
of the wing is modeled. A slight adaptation of the
tip (rounded wing-tip) has been used to facilitate
the grid generation. A cut-away isometric view of
the wing and the 3D computational grid is shown
in Fig. 2. The Euler numerical flow solution is ob-
tained with standard values for the artificial dis-
sipation coefficients (0:25 for the 2nd difference
coefficient, and 0:016 for the 4th difference coef-
ficient). The results of the field analysis for this
test case are summarized in Fig. 1. It can be seen
that the corrected lift-induced drag value is very

close to C2
L

�� all along the downstream part of the
computational domain. On the contrary, the pres-
sure force integration overestimates this expected
result by about 4%.

So, a reliable and accurate method to predict
lift-induced drag from Euler calculations consists
in computing from a transverse survey plane the

X

Z

Y

Fig. 2 Cut-away isometric view of the 3D compu-
tational grid (fine clustering of points around the
wing edges and aft of the trailing edge to better
capture pressure and velocity gradients).

apparent lift-induced drag, which has to be cor-
rected by using Eq. 1 to evaluate the part of lift-
induced drag converted into spurious drag be-
tween the trailing edge and the survey plane.

3 Parametric Study of the Wing-Tip Dihe-
dral Effects

In a recent paper by Eppler[4], a new mathe-
matical model has been established that allows
one special nonlinear effect related to lift-induced
drag, the induced lift, to be evaluated. Induced
lift is caused by the velocity which the bound vor-
tices (i.e. the vortices that model the lifting sys-
tem) induce on themselves and does not develop
on a straight planar wing. When induced lift is
positive, this effect is similar to reducing the lift-
induced drag for a given (total) lift. Under the ba-
sic assumption of a rigid wake parallel to the flow
at infinity, Eppler evaluated the induced lift of a
wing with winglets by means of exact formulas
and efficient numerical procedures. Two funda-
mental results of his study are:

� Winglets up are much better than winglets
down in terms of lift-induced drag reduction.

� A winglet with a dihedral of about 10� gives
a lower lift-induced drag than a planar exten-
sion of the same length.
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Fig. 3 Inclination of the wing-tips at fixed de-
ployed span.

The present investigation examines the impact of
wing-tip dihedral on the performance of a rectan-
gular planform.

3.1 Methodology

The frontal shape of a rectangular planform is
incrementally deformed by bending upward or
downward its tips within a range from 0 to 90�, as
sketched in Fig. 3. In this manner, the deployed
span of the wing remains unchanged, whereas
its projected span shrinks. Deployed span is the
length of the curve defining the shape of the wing
in front view. Projected span is the horizontal
distance separating one tip from the other. The
performance of the wing with deflected tips is
then examined against the baseline planar wing.
One advantage resulting from this methodology
is that viscous drag may be considered constant
too (fixed wetted area) and then benefits in lift-
induced drag will also lead to benefits in total
drag.

3.2 Computational Set-Up

3.2.1 Wing Geometry and Grids

The baseline rectangular wing is lofted with
NACA 0012 airfoil sections. It has an aspect ra-
tio of 8 and 15% of its deployed span is bent up or
down. Both untwisted and twisted cases are con-
sidered. The computational grids are generated
by stacking along the wing span the 2D curvi-
linear and body-fitted mesh of the wing-root sec-

Fig. 4 Front view of the mesh before (top) and
after (bottom) deformation.

tion. Each grid contains about 500000 cells laid
in a C �O topology, like in Fig. 2. It extends
about 40 chords in the spanwise direction, about
60 in the streamwise direction, and about 60 in the
vertical direction (30 from each wing side). The
extension behind the trailing edge amounts to 30
chords. Grids for the deflected tips are obtained
from the grid of the baseline configuration by ro-
tating the wing-tip boundary by the desired dihe-
dral angle while keeping the outer boundary of the
computational domain fixed. Between these two
boundaries, the rotation of the mesh nodes is lin-
early damped by a relaxation factor. Front views
are shown in Fig. 4.

3.2.2 Computational Parameters

All the Euler computations presented in this pa-
per are carried out with standard dissipation co-
efficient values. In order to ensure an accurate
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field analysis, the convergence is extended as far
as necessary for each calculation.

3.2.3 Flow Condition

The flow condition corresponds to a freestream
Mach number of 0:2. The lift force is the same
for all the investigated configurations, and cor-
responds to a lift coefficient of 0:6 based on the
baseline wing area.

3.3 Numerical Results

Configurations are analyzed in terms of relative
lift-induced drag, that is the lift-induced drag nor-
malized by the minimum lift-induced drag ex-
pected for the baseline planar configuration in
classical linear theory. As a first attempt, only un-
twisted wings are considered. Then, as a second
attempt, wings with optimal twist relative to lift-
induced drag reduction are examined.

3.3.1 Untwisted Configurations

The relative lift-induced drag predicted from the
far field analysis of the Euler numerical flow solu-
tion is plotted versus the dihedral angle in Fig. 5.
It can be seen that the resulting curve is not sym-
metric with respect to the sign of the dihedral
angle (positive angles correspond to wing-tips
up and negative angles to wing-tips down), and
as soon as the wing becomes significantly non-
planar lift-induced drag increases. The conse-
quences of these features are:

� For a given amount of wing-tip dihedral,
wing-tips down produce less lift-induced
drag than wing-tips up.

� The minimum of lift-induced drag is ob-
tained with a small negative dihedral angle
(about 5�).

These two items contradict Eppler’s results and
will be discussed after the next section.

3.3.2 Optimally-Twisted Configurations

In order to check if the previous results would still
stand for optimally-loadedwings, a numerical op-
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Fig. 5 Relative lift-induced drag of the in-
vestigated configurations (twisted and untwisted
cases).

timization is processed by means of a gradient-
based method. Because the spanwise loading
over a wing with given sweep and taper ratio
is determined by the twist distribution, search-
ing the adequate spanwise loading that minimizes
lift-induced drag comes down to searching the
twist distribution associated with that optimum.
This is done by handling the twist distribution
as a 4th order Bezier curve whose control points
are the design variables supplied to the gradient-
based optimizer CONMIN[14]. To quickly solve
for the optimal twist distribution, a VLM featur-
ing one row of 100 spanwise horseshoe vortices
(i.e. a discrete vortex Weissinger model) is used
as the aerodynamic solver coupled with CON-
MIN. The resulting optimal twist distribution is
then checked against the Euler solver. In the case
of the optimally-twisted planar configuration, the
far-field drag predicted from the Euler numerical
solution is very close to the theoretical value de-
rived in the frame of the lifting-line theory. In-
deed, we obtain a relative lift-induced drag of
0:998 with this configuration. The rest of the Eu-
ler far field drag results are plotted versus the di-
hedral angle in Fig. 5. There is still an asymmetry
in favor of downward wing-tips, and a minimum
around �5�.
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3.4 Discussion

In linear theory, optimized downward and up-
ward winglets of the same height produce the
same performance because it is the cosine of
the dihedral angle that appears in the governing
equations for minimum lift-induced drag. In
Eppler’s model, induced lift (neglected in linear
theory) disrupts this symmetry and upward
winglets are then favored. On the contrary in the
present study which involves far field analysis
of Euler numerical flow solutions, winglets
are predicted more efficient when bent down
regardless they are optimized or not.

First, let us consider the Euler far field re-
sults against the linear theory. The discrepancy
between them may be explained as follows[9].
The lift and drag forces as calculated in the frame
of the linear theory are completely independent
of the way in which the wing is modeled (lifting
line, vortex lattice, 3-D panel arrangement, or lift-
ing surface) because a Trefftz plane approach is
used. The only conditions are a rigid wake par-
allel to the undisturbed flow and the oversight of
the lift force acting on this rigid wake. However,
according to the Trefftz plane integral, all of this
comes down to modeling the lifting system as a
single vortex line having the same shape as the
wake trace in the Trefftz plane, and to compute
the aerodynamic force resulting on this vortex
line by means of the generalized Kutta-Joukowski
theorem� without accounting for the self-induced
velocities. Therefore in linear theory, everything
acts as if all the bound vorticity were concen-
trated on a line and the wake extended immedi-
ately from that line. On the contrary, the follow-
ing situation occurs with the 3-D wing geome-
tries used in the Euler computations. The bulk of
the bound circulation is located far forward on the
wing (as for the vorticity distribution computed
from thin airfoil theory on a flat plate at angle of
attack) whereas the trailing vorticity is concen-
trated near the tip of the trailing edge. What is
happening here in the Euler far field results is that

� ~F 0 = �(~q1+�~q )�~�

Γbound

Γwake
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Height
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FLOW

Fig. 6 Side view of the change in effective height
with wing-tips up (top) and down (bottom).

the combination of angle of attack and the lay-
out of the bound and shed vorticity has changed
the effective height of the winglet. Indeed, the
most intense portion of the shed vorticity is relo-
cated further from the bulk of the bound vorticity
with downward winglets. This greater distance
involves a reduction of the wake-induced down-
wash on the bound vortices, resulting in a drag
benefit. The sketch in Fig. 6 shows the change in
effective winglet height (for simplicity, the wing
circulation is drawn near the quarter chord point
and the wake is assumed undeformed).

Now, let us consider Eppler’s results which
state that induced lift makes upward winglets pro-
duce less lift-induced drag than downward ones
of the same length. As it happens, the discrete
Weissinger model used previously in this paper
also accounts for the induced lift since both the
self-induced and wake-induced velocities on the
bound vortex segments are used in the aerody-
namic force computation which is based on the
generalized Kutta-Joukowski theorem. But, the
non-linear effect of induced lift is not pointed
out with this discrete model. On the contrary,
it reproduces the same trends as the Euler far
field results, as shown in Fig. 9 in solid line with
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AOA

Fig. 7 Sketch of the original discrete vortex
Weissinger method.

AOA

Fig. 8 Sketch of the modified discrete vortex
Weissinger method.

squares. In this discrete vortex model sketched
in Fig. 7, the lifting vortices are located on the
1=4 chord line to agree with thin airfoil theory,
and a zero-normal-flow condition is enforced at
collocation points at the 3=4 chord line. How-
ever, if the lifting line is relocated at the trail-
ing edge for the aerodynamic force computation
stage (see Fig. 8), then the wake extends imme-
diately from that line and then there is no change
in effective height whether wing-tips are up or
down. Therefore, the only expected effect is the
induced lift. As shown in Fig. 9, this modified
Weissinger method gives results in good agree-
ment with those of Eppler, namely: winglets up
produce less lift-induced drag than winglets down
with the same length, and there is a minimum lift-
induced drag around � = 10� at fixed deployed
span. As a consequence, the comparison of this
modified Weissinger model with the original one
and the Euler far field results suggests that the im-
pact of the further layout of the bound vorticity
relative to the trailing vorticity may be stronger
than the effect of induced lift and overshadows
the latter.

3.5 Remarks on the Streamline Pattern

The Spreiter and Sacks theory[11] provides a re-
inforcement of the Euler far field results. This

δ (deg.)

R
el

at
iv

e
lif

t-
in

d
u

ce
d

d
ra

g

-100 -50 0 50 100
1

1.05

1.1

1.15

1.2

1.25

standard Weissinger method
modified Weissinger method

Fig. 9 Relative lift-induced drag with the original
and modified Weissinger models.

theory states that the further the wing-tip vortex
core is from the wing symmetry plane, the lower
lift-induced drag is. As depicted in Fig. 10, the
downward wing-tip features a rolling-up signif-
icantly outer than the one observed for the up-
ward wing-tip of the same height and span. This
agrees with a lower lift-induced drag when wing-
tips are folded down. Moreover, with real viscous
flows there will be a separation over the upper
surface when the fluid moves around the wing-
tip corner from the pressure side to the suction
side. This situation is sketched in Fig. 11. It
is clear that this separation will involve an ini-
tial rolling-up of the vortex layer further from the
wing symmetry plane in the case of downward
wing-tips. This viscous effect may accentuate the
difference between the two previously-depicted
inviscid streamline patterns, allowing then still
more lift-induced drag reduction with downward
wing-tips.

4 Conclusion

Decades ago, the Prandtl and Munk model for lift-
ing systems provided means to minimize lift in-
duced drag for a great variety of wing arrange-
ments. More recently, Eppler established a new
mathematical model accounting for induced lift,
a non-linear effect neglected in the Prandtl and
Munk model. In the case of positive induced lift,
this non-linear effect is similar to reducing the
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Fig. 10 Streamline pattern at � = �50� (dash-
dotted line corresponds to the spanwise tip loca-
tion).

lift-induced drag for a given lift. The opposite is
true for negative induced lift. It turns out with this
new theory that upward winglets are more effi-
cient than downward ones of the same length, and
that the minimum lift-induced drag for a given lift
and deployed span is obtained with small positive
wing-tip dihedral. In the present paper, the oppo-
site has been pointed out by using far field results
of Euler numerical flow solutions. Benefits are in-
deed observed with downward wing-tips, which
has to be ascribed to a better layout of the bound
vorticity relative to the trailing vorticity. Conflict-
ing results with Eppler indicate that the impact of
this layout must be much stronger than the oppos-
ing effect of induced lift, so that it should over-
shadow the latter. Moreover, we may expect this
situation to be strengthened in real flow because
of a tip separation which would relocate the bulk

suction side
pressure side

suction side
pressure side

LIFT

LIFT
Y

Z

Fig. 11 Sketch of the separation at the wing-tip
for upward and downward winglets.

of the trailing vorticity further from the bulk of the
bound vorticity if tips are down.
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