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Abstract

This papemresents methodologyfor cascading
uncertaintiesn input parametershrougha CFD
modelto obtain uncertaintyestimatesof output
flow variablesor outputfunctionalssuchaslift,
drag and momentcoeficients for airfoils. The
sensitvity equationmethods usedto derve flow
sensitvity equationsvhich arethensolvedby an
adaptvefinite elemenimethod.Sensitvity infor-
mationis thenusedto performuncertaintyanal-
ysis for turbulent flows over a backward facing
stepandovera NACA 0012airfoil.

1 Intr oduction

In all practical CFD applications, parameters
governingthe flow are known only to a certain
level of accurag or uncertainty Suchparam-
etersmay appearin boundaryconditions,fluid
propertiesclosurecoeficients,geometryetc. In
mary situationsthe effects of suchdatauncer
taintieson the flow responses nggligible. In
othercasest is not. From a designstandpoint,
assessinghe responseof the flow to theseun-
certaintiedgs of primeimportance We usesensi-
tivity informationto propagateincertaintyin the
input datainto uncertaintyin the flow solution.
Initial work by Blackwell et al. [2] was limited
to the heatequationwith constanphysicalprop-
erties. Putko et al. [8] usedautomaticdifferen-

tiation to performuncertaintyanalysisof quasi-
one-dimensionaEuler equations. Recentwork
by the authorsdiscussesensitvity for laminar
flows with variablepropertiesandfor k — € mod-
eling of turbulentflows [10, 11,12, 13].

The paperis organizedasfollows. The flow
equationsandboundaryconditionsarepresented
first. Next, the sensitvities andtheir usefor un-
certaintyanalysisare described.The methodol-
ogy is thenappliedto flow over a backwardfac-
ing stepandaroundaNACA 0012airfoil. Uncer
tainty estimatesare obtainedfor flow variables,
skin friction, and aerodynamiccoeficients. As
a by-product,the airfoil stability derivativesare
obtainedat little additionalcost.

Flow Equations

The flow regime of interestis modeledby the
time-avzeragedmomentumand continuity equa-
tions,

pu-Uu=-0Lp
+0- [(u+ ) (Bu+D0Ou”)] (@)
O-u=0, (2)
wherep is the density u is the velocity, p is the

pressureand u is the viscosity The eddy vis-
cosity |k is computedusingthe k — € turbulence
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model[7]:

k2
M= Pcu;-

Thelogarithmicform of theturbulenceequations
is usedto presere positvity [5]. Thisis equva-
lentto thefollowing changeof variables:

K=In(k) and E=In(g).

Thetransportequationdor K and£ are:

pu-0K =0- [(LH_O%) D?(] (3)

Me — %K 2~ EX
+(pu+— | 0K -O0K+ ke “P—pC,—
( 0k> KUK "

pu-0E =0 [(u—i— E) Df] (4)
O¢
+ (u+ g) 0T - OF + pCiCue P
€
_Czpezfgc

The constanty, C,, Cy, 0k, and o, aresetto
the valuesrecommendetdy Launderand Spald-
ing [7] andgivenin Tablel.

Gt G G ok o
009 144 192 10 13

Table 1 Constantd$or thek — € model

A two-velocity scaleswall function provides
boundaryconditionsnearsolid walls[11]:

yt for y© <yt
ut = 1 (
“In(Ey") for y* > y¢
wherek is the KArmanconstantandE a rough-
nessparameter The dimensionlesslistanceto

thewall y*© andthe dimensionlessangentialve-
locity u™ aregivenby:

=B A ©)

5)

+
y V] Uy

Thesewall functionsinvolve two velocity scales:
U+, thefriction velocity, anduy, a velocity scale
basedn theturbulentkineticenegy definedas

U = G K2, (7)

wherek is takenat the boundaryof the computa-
tional domain. The boundaryconditionsfor k, €,
andthemomentunmequationsatadistancey = d
tothewall are:

ok us
=0 — 'k
on & kd
u-n=0 Tw = PUss Uk

Sensitvity Equations

The continuoussensitvity equations(CSE) are
derved by implicit differentiationof the flow

equations(1l) and (2) with respectto parame-
ter a. Thus, not only do we treatthe variable
u asa function of space,but alsoasa function
of the parametera. This dependences denoted
asu(x;a). We definethe flow sensitvities as
the partial dervativess, = 9 ands, = 2. The
derivativesof thefluid propertiesandotherflow

parametergare denotedusinga (‘). The general
approachusedto derive the CSEis describedn

detailby Turgeonetal. [12]. For example,if the
parameteof interests theclosurecoeficientCy,

thenthe sensitvity equationsare:

psy- Uu+pu-Us, = —Usp
+0- [u( (Du+(Du)T)
+ (1) (Osu+ (0s)" )|
O-s,=0.

A similarapproachs appliedto obtainthe sensi-
tivity equationsf the turbulencevariables.Im-
plicit differentiationof the flow boundarycon-
ditions (Dirichlet, Neumannandwall functions)
yields the requiredboundaryconditionsfor the
sensitvities[12].

Finite Element Solver

Theflow andsensitvity equationsaresolved by
the sameadaptve finite elementmethod. Ele-
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ment matricesare constructedusing a numeri-
cal Jacobiartechnique.Whenneededstabiliza-
tion termsareaddedo thestandardsalerkinfor-

mulation. The accurag of the solutionis con-
trolled by anadaptve remeshingstrateyy. In our
approacterrorsin all variables(including sensi-
tivities) areanalyzedand contribute to the mesh
adaptatiorprocess.Error estimatesareobtained
by alocal least-squaresgeconstructiorof the so-
lution derivatives[14]. The adaptve methodol-
ogy is usedto generateayrid corvergedsolutions.

Uncertainty Analysis

We considerherethatthe flow solutiondepends
on someparameters = (ag,ay, ...,a,) describ-
ing geometryboundaryconditions fluid proper
ties, or flow model. If a hasa smalluncertainty
Aa, afirstorderTaylor seriesyieldsthefollowing
approximatiorof thevelocity uncertaintyAu:

n
|Au| = Z
i=

The uncertaintyAu on the flow responseanbe
viewedasaworstcasescenarian which theun-
certaintycontritution due to input uncertainties
Ag; all addup in absolutevalue. Otherformulas
for the uncertaintyyield more optimistic uncer
tainty estimate$8].

@(X, y;a)||Aa]. (8)

03

Numerical Results

Backward Facing Step

We first demonstrateur approacho uncertainty
analysisby applyingit to turbulent flow over a
backward facing stepas studiedexperimentally
by Kim [6]. The Reynolds numberis Re =
47,625. The completestatemenbf the compu-
tationalmodelis foundelsevhere[11].

The uncertaintybound(8) is usedto propa-
gatethe uncertaintiedn the parameter<,, C,
Cy, Ok, and o¢ into the CFD solution. As a
first approximation,we considerthat theseco-
efficientsare accurateto within one half unit of
therightmostdigit. Table2 summarizeshe un-
certaintiesn the coeficientsusedin the present

study Notethatthe“accurag” of thecoeficients
is probablylower thanthis.

AC, AC, AC; Aok Ao
0.005 0.005 0.005 0.05 0.05

Table 2 Uncertaintie®f theclosurecoeficients

Figure 1 presentghe predictionof the hor-
izontal componenbf velocity at x/L = 8. The
selectedincertaintiesn the coeficientvaluesdo
notexplainthedifference®bseredbetweemu-
mericalresultsand experimentalmeasurements.
In fact, the predicteduncertaintie®n u arequite
small.

3 T T T T

nominal
25 F UtAU
experiments  +

y/L
.
6]

T

T

nominal
k+AK -
25| experiments  +

y/lL
-
[6;]

T

0 1
0 00l 002 003 004 005 006
KiUg?

Fig. 2 Step:uncertaintyin k atx/L = 5.8

Figure2 compareshe numericalpredictions
of k, theturbulentkinetic enegy (TKE), with its
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uncertaintybands,to the experimentalmeasure-
mentsof Kim [6]. Clearly, the predictionsare
poor, evenif we considethe uncertainties.

We now turn our attentionto the assessment

of uncertaintyin the predictionsof the skin fric-
tion coeficient,a dervedquantity definedas:

Tw
Ci=——=
2poU¢
wherelg is areferencevelocity. Theskinfriction
sensitvity is givenby:
T

3P0UE

c, =

Recallthat Cs dependson the five closureco-

efficients. Which of theseparameterexertsthe

strongesinfluenceonC;s is difficult to determine
by directcomparison®f the sensitvities. A so-

lution to this problemis to scalethe sensitvity

valuesby the nominal (referencevaluesof the

parametef2]. The resultingscaledsensitivities
have theform

ou op

~— — etc
6aa0’ aaao .

wheregg is the nominalvalueof parametea In

this way, comparlng aa a0 with ° bo iS more
meaningfulsincethey both have the sameunits
evenif aandb donot.

The scaledsensitvities of Cs alongthe bot-
tom wall are plottedin Figure 3. It shows that
Ct is mostsensitve to C; andC,. The sensity-
ities aremaximumfor x/L around6 or 7, which
correspondgo the reattachmenpoint. On the
other hand, sensitvities are very small around
x/L = 4 whereCs exhibits a minimum (seeFig-
ure 4). The predictionof Cs andits uncer
tainty bandare plottedin Figure4. The uncer
taintiesarelargerwherethescaledsensitvities of
Cs arelarger. Figure5 compareshecontribution
of eachparameteto thetotal uncertaintyon Cs.
As canbe seen,the largestcontrikution is from
C, (becausef its large uncertaintywhereaghe
smallestis from og. All parametersontritute
significantlyto the uncertaintyon Cs. The dis-
cussionwould not be completewithout a grid

0.02 T T

dé“ I
o &
Ok
001p \ - |
o005t S o
2 /  /
S 0k -
[ s T
-0.005F /% 1
001 Y |
-0.015 O 1
0 5 10 15 20
x/L
Fig. 3 Step:scaledC}
0.002 : Y _
0.0015 =
0.001
0.0005
o3 0

-0.0005 | %
-0.001
-0.0015

nominal
+,
Cf_A(Ff

5 10 15 20
x/L

-0.002 - *
0

Fig. 4 Step:uncertaintyon Cs

convergencestudy Figures6 and7 presentthe
grid corvergenceof C; andatypical scaledsen-

sitivity, Cl ac Thesequantitiesare almostgrid
converged, with only small differenceshetween
the two finestmeshes.Whenperforminguncer
tainty analysiswith very smalldatauncertainties,
it is necessanand importantto reducenumer
ical errorsto negligible levels to ensurea rig-
orousuncertaintyassessmentThis is not com-
pletelyachiezedhereevenwith our meshadapta-
tion stratgy. However, the numericalerrorsare
smallerthanthe predicteduncertainties.We end
the discussiorof this exampleby looking at the
uncertaintyonthelocationx; of thereattachment
pointwhichis definedasthepointwhereu=0on
thelower computationaboundarymodeledwith
awall function. The materialdervative of u fol-
lowing the re-attachmenpoint whena changes
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Fig. 5 Step: contributionsto the uncertaintyon
Cy

signmustbezero:
Du
— =0
Da
whichimplies
ou_ dudx _
da o0xoda
yielding the following expressionfor the sensi-
tivity X :
S
K= —a
0x
The predictionof x, is about6.3L (L beingthe
stepheight),with anumericalerrorof about0.1L,
whereagheexperimentalalueis x /L =7+0.5
[6]. Numerical resultsat x = 6.3L are sum-
marizedin Table 3. Scaledsensitvities s, and
X, indicatethat parameter<; andC, exert the
strongesinfluenceon x;,. A 1% changen these
parametersesultin a 0.2L changean x;. Notice,
that all parameter®xcept og contrikute signifi-
cantlyto theuncertaintyAx,. Contritutionsof C,
and oy are dueto their larger uncertainty The
total uncertaintyon x; /L is 0.37, which means
that the predicteduncertaintybandoverlapsthe
uncertaintyband of the experimentalmeasure-
ments.

NACA 0012airfoll

The CSEis now usedto produceuncertaintyes-
timatesof lift, dragandmomentcoeficientsof a

0.002 , . |

0.0015

0.001

0.0005

g 0
-0.0005
-0.001
-0.0015

-0.002

x/L

Fig. 6 Backward facingstep: grid corvergence
of C¢

Cu Cy C Ok O

Su 274 -1.25 0.97 0.144 -0.015
scaleds, 0.245 -1.80 1.86 0.144 -0.020
X -31.1 142 -11.0 -1.64 -0.173
scaleds -2.80 204 -21.1 -1.64 -0.225
DX 0.156 0.071 0.055 0.082 0.009

Table 3 Backwardfacingstep:uncertaintyon x;

NACA 0012airfoil dueto uncertaintiesn its an-
gle of attack. An earlierstudyof sensitvities of
airfoils wasmadeby Godfrey etal. [3] for lami-
narflow. It is well known thatthe standarck — €
modelwith wall functionssuffersfrom deficien-
ciesfor predictingsuchturbulentflows. Hence,
the presentesultsshouldbe viewedasa demon-
strationof the CSE andits applicationto uncer
tainty analysis. Sensitvity equationsanbe de-
rivedfor otherturbulencemodelsbettersuitedto
airfoil aerodynamic§4].

Computer memory considerations have
forced us to use a computationaldomain of
smaller size that is customaryin airfoil aero-
dynamics. The computationaldomain is a
rectangularbox extending 10 chordsupstream
and 3 chords downstreamof the airfoil; and
8 chords abore and belon the airfoil.  This
choicewill inducean error in the airfoil force
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Fig. 7 Backward facingstep: grid corvergence

0Cx
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coeficients, especiallyon drag. It is a well

documentedact that the location of the outer
boundaryof thedomaininducesanerrorin drag
that is orderedin I_—lb where Ly is the distance
from the airfoil to the outer boundary See

Roachg9] andzZingg[15] for furtherdiscussion.

We reiteratethatin light of the above obser
vations,resultspresentedn this sectionshould
be viewed asan illustration of the proposedap-
proachto uncertaintyanalysis.They do notcon-
stitutequantitatve predictions.

The angleof attackis studiedasa value pa-
rameterin the inflow boundaryconditionsgiven
by:

u=Upcoga) 9)
v=Upsin(a). (10)

Wall functions provide boundaryconditionson
the airfoil boundaryand are usedto extractsur

faceforcesusingthefollowing relationships:

1
Uk:Cﬁ\/R
v o_ d
y =75

1
ut = - logEy™

U _ i UtX

TW = pUkU**
20 { iwx } _ pKCﬁl‘ \/5 { tJ/tx }
wy Ecid by
log =59 /k
E — f(r*Werﬁ)ou
c

{ Fx } _ 7{{ Twlx + P }dl

L = FKcoqa)—Fsin(a)

D = Kcoga)+Fsin(a)

M = fo*Mx(r*Werﬁ)dl
c

1
—Y(Twix+ pny)dl.

In theseexpressionsyy, is the wall shearstress,
thatis the tangentialforce acting alongthe sur
facefor the airfoil; tx andty arethe components
of the unit vectortangentto the airfoil; ny and
ny arethe componentsf the unit vectornormal
to the airfoil ; F is the total force vectoracting
ontheairfoil, D is thedrag,L thelift andM the
momentwith respecto the quarterchordpoint.
The lift, dragand pitching momentcoeficients
areobtainedasfollows:

L
CL = ——— (11)
3PoUGA
D
Co = —— (12)
3PoUGA
M
Cvy = —— (13)
2poUZAC
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wherepg andUg arethe free streamdensityand
velocityrespectrely; A is thewing areaandc the
chordof theairfoil.

Sensitvity equationsarewritten for comput-
ing sensitvities of theflow with respecto thean-
gle of attack.Inflow boundaryconditionsfor the
sensitvities areobtainedby differentiatingequa-
tions(9) and(10) with respecto a:

S = -—Upsin(a) (14)
S, = Upcoga). (15)
Sensitvities of surface forces are obtainedby
differentiatingthe wall function relationsgiven

above with respectto the angleof attack. This
yields:

=

§ = 4B+

8 = S—; =S, coqa) —Ssin(a)  (16)
—Fysin(a) — Fccoga)

S = %:%coia)+%sin(a)
—Fysin(a) + Fycoga) (17)

Si = g = OMx (S, + Sk

Sv = c:j—';/':fé<x—%> (Stuty + Spr)dl

_y(srwtx + Spny) dl. (18)

The stability derivatives are the sensitvities
of the aerodynamiccoeficients. They are ob-
tained by differentiatingequations(11) to (13)
with respecto a andby notingthatthe denomi-
natorsareindependentf a

dG S

— = 19
da %poUézA ( )
dG S

0 = P 20
da %poUézA ( )
O _ Sy
da 5PoUSAC

whereS , S and Sy are evaluatedfrom equa-
tions(16)-(18)

In the resultspresentedelov, adaptations
driven by error estimateson the velocity, turbu-
lencevariablesandeddyviscosity The pressure
is not includedin the meshadaptationprocess.
This approachleadsto more clusteringof grid
pointsnearthe airfoil thanwhenpressuras in-
cluded. Auxiliary computationsncluding adap-
tation with respectto pressureevealedthat ne-
glectingpressurén theadaptatiorproces$iasno
measurableegative impactonthesolutionaccu-
ragy. Figure8 shows the meshafter5 cyclesof
adaptation.Figure 9 shaws the trajectoryof the
global errorsfor all solutionfields. It confirms
that our meshadaptatiorstratgy leadsto solu-
tion improvementdor all dependentariables.

Fig. 8 Finalmesh,adaptatiorwithout pressure

Typical grid corvergenceof the surfacepres-
suredistribution is shavn in Figures10and11.
As canbe seenthe surfacepressuras grid con-
verged.

Similar resultsfor thelift, dragandmoment
coeficientsandtheir sensitvities, wereobsened
atall anglesof attack.Figuresl2 and13 present
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Fig. 9 Errortrajectoriesadaptatiorwithoutpres-
sure

grid corvergenceof theaerodynamicoeficients
andtheirsensitvities. Notethatgrid cornvergence
is differentfor eachsensitvity [9].

Predictionof C_, Cp andCy are shavn in
Figuresl4, 15 and 16 alongwith their sensitv-
ities 9%, 9% 4G - The predictionsfor lift and
momentcoeficients are in agreemenwith the
datafoundin Abbottetal. [1]. Thelevelsof pre-
dicteddragdo not agreewith thosereportedby
Abbott et al.. This might be dueto thereduced
extent of our computationadomain. However,
trendsof Cp agreewith thoseof the measure-
ments[1]. The predictedsensitvity derivatives
da e "dCm arein goodagreementith theob-
senedslopesof thelift, drag,andmomentcoef-
ficientsof Figuresl4,15and16.

Finally, the uncertaintyin the angleof attack
is propagatedhroughthe CFD into uncertainty
bandsfor lift, dragandmomentcoeficients. For
illustration purposesand for simplicity we use
Adg = 1 dggreeat all anglesof attacks.SeeFig-
ures 14 to 16. Variationsin the width of the
uncertaintybandsare causedoy changesn the
magnitudeof the sensitvities. In particulay the
dragcoeficienthasa zerosensitvity atzerode-
grees Hencetheuncertaintyalsovanishestthis
angle.

Conclusions

The CSEis usedto performuncertaintyanalysis
on the standardk — € model of turbulence. The

T T T T T
15 X Mesh 0
A

-05F

Pressure coefficient

05

1 1 1 1 1
0 0.2 0.4 0.6 0.8 1
X AXis

Fig. 10 NACAO0012: Grid corvergenceof sur
facepressurata = 4 degrees

methodcanpredictuncertaintyestimateof flow
variablegqvelocity, pressureturbulentkineticen-
ergy), of derived quantities(skin friction) or of
integral quantities(lift, dragandmomentcoefi-
cient). Themethodologywasappliedto turbulent
flow overabackwardfacingstepto assestheef-
fectof uncertaintie®f theclosurecoeficientson
flow predictions:velocity, TKE andskinfriction.
Themethodologywasalsoappliedto predictun-
certaintybandson thelift, dragandmomentco-
efficientsof NACA 0012airfoils for anglesof at-
tackrangingfrom O to 10 degrees.
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