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Abstract

The behavior of optimal control laws and injec-
tion trgjectories of aerospace vehicles is investi-
gated on the basis of the Pontryagin maximum
principle at a variation of the aerodynamic shape.
The basic types of aerodynamic layouts. conical,
cylindrical, and winged, are considered. The
geometrical parameters determining the cross
section profile and the outboard wing area are
varied. The numerical solution of the problem is
accomplished using the computer program pack-
age ASTER of the thorough optimization of
branched trgjectories.

The existence of diverse types of optimal
control law structures, including those quaita
tively different from typical ones for the current
Space transportation systems is demonstrated.
The bifurcation behavior of relations of the op-
timal solutions to geometrical parameters of the
layout is noted. It is shown that sensitivity coef-
ficients for the maximum injected mass to varia-
tions of parameters can differ both in order of
magnitude and in sign from the traditionally used
ones, that may exert an effect on selection of
optimal aerospace vehicle layout.

Nomenclature
Symbols:
Cp  drag coefficient
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Coo zero-lift drag coefficient
C.  lift coefficient

C|_a =9C. / fa

Fo  reference cross section area
Fw  outboard wing area

h altitude

L/D lift-to-drag ratio
vehicle mass

Mach number

dynamic pressure

thrust value

thrust vector

time

velocity value

velocity vector

angle of attack

P <<~ HHo 3

Subscripts:

() atthefina point
()i attheinitial point
( )max Maximum value
( )min Minimum vaue
()opt Optimal value

Superscripts:
() at the bifurcation point

1 Introduction

Optimal ascent control laws of advanced aero-
space vehicles (ASV), especialy with high aero-
dynamic lift capabilities, can have a new struc-
ture as compared with ones for current space
transportation systems (STS) of a ballistic type.
The use of the new optima trgectories and
control laws, in turn, may call for changes of
ASV layout.
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As stated in previous publications [1, 2],
changes in aerodynamic characteristics of ASVs
can be followed by a qualitative restructuring
(including that of bifurcation type) of optimal
control laws. A change in the optimal control
structure causes, in turn, a jump in sensitivity
coefficients for the maximum injected mass to
ASV parameter variations. Maximum lift-to-drag
ratio, (L/D)ma 1S @ main characteristic govern-
ing the structure of optimal injection control [1,
2]. At the same time, the maximum injected mass
also depends on other characteristics of the
aerodynamic configuration. In view of the fact
that a change in the ASV aerodynamic configu-
ration leads, as a rule, to smultaneous changes
in al characteristics for all flight regimes, the ne-
cessity of ASV modifications can be assessed by
analyzing the maximum injected mass as a direct
function of geometric parameters of the configu-
ration.

In the present paper, the effect of ASV
aerodynamic configurations on the maximum
mass injected into low Earth orbit is investi-
gated. Cross section areas of conical and cylin-
drical ASV are varied, as well as the area of out-
board wing of cylindrical ASV. The trgectory
optimization is carried out on the basis of the
Pontryagin maximum principle [3]. The strict
indirect optimization method offers unique ca-
pabilities of investigating the ASV weight effi-
ciency not confining the consideration to the
framework of traditional control law structure.
Parametric investigations of optima injection
trajectories for ASVs of diverse configurations
are carried out using the ASTER package [4].
Owing to developed methods of numerical solu-
tion of nonlinear boundary-value problems and a
convenient interface, the solution of optimization
problems based on the Pontryagin maximum
principle with the use of this package becomes
an almost routine procedure.

2 Aerospace vehicletrajectory optimization

Motion of ASV mass center is considered in the
coordinate system fixed to the start point:

| vV 1]
%:f(x,u,t) , f:I§ﬁ+A9+g+ , (1)
i -m b

where x={r, V, m}T is the state vector, r is
the radius-vector, A is the vector of aerody-
namic forces, g is the gravitational acceleration
vector, Wis the acceleration vector due to co-
ordinate system noninertiality, mis the mass flow
rate.

The vector of aerodynamic forces can be
written in the form [2]:

A :%pVZFO(Cf‘et - (Dg +

+(cz+0,)@e))e),
where € is the unit vector directed aong the
vehicle's longitudinal axis, €, isthe unit vector in
the direction of the velocity, r is the atmospheric
density.
The following form for aerodynamic coef-

ficientsis used [2]:

C,=C} sna, C,=D,+D,cosa , 3
that is in accordance with the square aerody-
namic polar at asmall angle of attack:

C, @Cla, Cp @Cp,+ka?, @
The coefficients C.*, Cpo and k depend on flight
regimes.

The engine thrust is assumed to be di-
rected adong the longitudinad axis. T =Te ,
Tmin £ T £ Tmax.

The ASV initial position at the moment t;

and velocity vector absolute value are fixed, the
velocity vector orientation can be free:

r(t)=ri, v(t)=vi, m(t)=m. (5)
Thetask isto find control

u={& h}, (6)

where h = T/Tnax, to provide transition of ASV

from the initial point to a specified Earth orbit
with a minimum propellant consumption that

(2)
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corresponds to maximization of the final vehicle
mass.
F°m: P max
RN )
In solving problems with the use of the
Pontryagin maximum principle, optimal control
at every point is found from the condition [4]:
{e[ ’h}opt = argmax ﬁ ' (8)
{eh
where
I =YTi (9)
is the Hamiltonian of the system (1), Y isthe
adjoint vector that satisfiesthe equation [4]:
,_@He
Y =- = (10)
X g
and the transversality conditions. Thus, the ref-
erence optimization problem reduces to a mul-
tipoint boundary-value problem for sets of equa-
tions (1), (10).
Numerical solution is found using the AS-
TER package [4], in which the practically rou-
tine procedure of solving respective multipoint
boundary-value problems of this classis realized.
Owing to the application of the Pontryagin
maximum principle, simultaneously with calcula-
tion of an optimal trgjectory the sensitivity coef-

ficients %of a functional F to variation of a

parameter p of the problem can be obtained [5]
with a high accuracy without noticeable addi-
tional computing costs ssmply by integrating:

T )
T T
where Xgpt and Ugpt are the state vector and the

control vector, respectively, on the nomina op-
timal trgjectory.

dt, (11

3 Aerodynamic shapes of an aer ospace vehicle

Optimal injection trajectories are investigated for
three types of aerodynamic configurations cover-
ing most-used vehicle configurations:

- conical and cylindrical with an dliptic

Cross section,

- cylindrica with adeltawing.

For al types of ASVs, the influence of
their geometric configuration modifications, en-
suring enhanced lifting capabilities, on the in-
jected mass and optimal injection trajectories is
analyzed. Given below is a detailed description
of ASV geometric parameters.

Aerodynamic configurations of the first
type are blunt cones with élliptic cross sections.
The base of this family is a circular cone with an
apex angle of 11.42° and bluntness radius/base
radius ratio of 0.05.

In order to enhance the lifting properties,
the cone contours are modified by passing over
the whole vehicle length from circular cross sec-
tions to eliptic ones with a specified ratio of
width a to height b, the section area remaining
the same. The parameter a/b, hereinafter referred
to as the "contraction parameter”, is varied from
1 to 3 with an interval of 0.25.

The aerodynamic configurations of the
second type are blunt cylinders with elliptic cross
sections. The base of this family is a circular
cylinder with a blunt conical nose. The geomet-
ric dimensions of the cylinders are derived from
the condition that its volume is equal to the vol-
ume of the above-considered vehicle of conical
type. The ratio of the length of the circular cyl-
inder to its diameter is taken to be 12, conical
nose apex angle is 20°, and bluntness ra
diug/cylinder radius ratio of 0.1.

Asin thefirst case, the modification of this
configuration version implies transition from cir-
cular cross sections to elliptic ones over the
whole vehicle length. The contraction parameter
is varied from 1 (circular cylinder) to 2 with an
interval of 0.25, the cross section area remaining
constant.

For the third configuration type, the lifting
capabilities are enhanced by ingtaling a mid-
mounted delta wing on the base model of the
second type. The wing leading edge sweep angle
is 60°. The relative outboard wing area " F,, =
FWFo is 0, 10%, 20%, 50%, 100%, 150%, and
200% of the mid-section area F.
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The aerodynamic characteristics are de-
termined relying on the available experimental
data and numerical calculations by the technique
described in [6]. Characteristics at intermediate
points are obtained by linear approximation in
parameters a/b and” F,.

In optimizing trajectories by the Pontry-
agin maximum principle in accordance with the
model of aerodynamic forces (2), (3), aerody-

namic coefficients Do , D, , C.* with respect to

1D, b, IC{
™ M " M
found at every traectory point. To smplify the
procedure of numerical solution of the reference
problem, these derivatives must be continuous.

The coefficients Do and D are calculated
by (4). The coefficients C.®, Cpo and k versus
Mach number are specified in the form of third-
order splines. The splines are created by process-
ing the reference dependencies of aerodynamic
characteristics Cp and C, on angle of attack and
Mach number. At every Mach number corre-
sponding to a spline node, the coefficients of
polar (3) approximating the dependencies Cp(a)
and Ci(a) are calculated. Coincidence both of
the zero lift drag coefficient Cpo and the maxi-
mum lift-to-drag ratio (L/D)ma, defined for the
polar by

the Mach number; , must be

I *'y
\/CDO(CDO +4Kk) ’

is required for the approximating polar and ref-
erence characteristics. The induced drag factor k
is obtained from the condition of minimization of
root-mean-square Cp deviations from the refer-
ence data.

Fig. 1 exemplifies comparison of approxi-
mations of Cp(a) (solid lines) with the reference
data (markers) for two values of Mach Number
and a/b.

After calculation of the coefficients C.?, Cpo
and k for node points in terms of the Mach num-
ber, the third-order spline coefficients are calcu-
lated from the condition of minimization of root-
mean-square C.%(M), Cpo(M) and k(M) deviati-

(L/ D) e

Co
0.8 —
| + a/b=3.0,M=0.8
0.6 < ab=30,M=70
i X a/b =20, M=0.8
YAN a/b=2.0,M=7.0

00 L

[o]
1 a,
) 4 8 12 16

Fig. 1 Approximation of reference values of Cp
as afunction of angle of attack a in the form of (3).
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Fig. 2 The aerodynamic characteristics of the
conical ASV.
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ons from piece-linear functions passing through
reference points.

The above-considered procedure of form-
ing the aerodynamic force coefficients as a func-
tion of anglesof attack and Mach numbersis

1.00 125 1.50 1.75 2.00

alb

Fig. 3 The aerodynamic characteristics of the cy-
lindrical ASV.

performed automaticaly by the ASTER pack-
age.

Figs. 2-4 show the aerodynamic character-
istics versus the Mach number for different pa
rameter values.

Fig. 4 The aerodynamic characteristics of the cy-
lindrical ASV with deltawing.
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4 Influence of geometric configuration pa-
rameterson theinjected mass

It is established in [2] that the maximum lift-to-
drag ratio, (L/D)ma, IS @ main characteristic gov-
erning the optimal injection control structure. If
the value of ASV (L/D)max does not exceed some
critical value (L/D) ma (at subsonic speed) the
lifting capabilities of the vehicle are almost not in
use on optimal injection trajectories. According
to classification given in [2], such trgectories
and relevant optimal control laws are assigned to
type B (Ballistic). The structure of B-type opti-
mal control laws are qualitatively consistent with
control laws traditionally used at the present
time for STS (thereinafter they will be referred
to as traditional ones). The traditiona control
laws are characterized by almost zero angles of
attack on the atmospheric trajectory segment
(gravitational turn) and quasilinear laws in pitch
on subsequent flight segments. For ASV's, which
require the B-type control laws for optimal in-
jection, increase in the injected mass with varia-
tions of the geometric configuration is basically
achieved only when the aerodynamic drag re-
duces.

If the value of (L/D)ma exceeds (L/D) max,
qualitatively other trgjectories and optimal con-
trol laws become optimal, namely those of type
A (Aerodynamic) [2]. On extremals of this type,
the lifting capabilities of the vehicle are used to a
greater extent, and the optimal control laws on
atmospheric trgectory segment have a pro-
nounced oscillatory nature. For these vehicles,
increase in the injected mass can be achieved by
enhanced (L/D)mx even though the aerodynamic
drag does not decrease.

Although (L/D)max IS One of the main pa-
rameters of the aerodynamic configuration that
govern the structure of optimal control laws and
trgjectories, it follows from [2] that variations of
other parameters, for example, Cpy, can aso
make an effect on the functional and the optimal
control law. In view of the fact that a change in
the aerodynamic configuration influences, as a
rule, the whole set of aerodynamic characteris-
tics, the analysis of the dependency of optimal

solutions on geometric parameters of the ASV
configuration is of practical interest. In the pres-
ent paper, the effect of the ASV cross section
configuration and the outboard wing area F,, is
investigated.

The effect of geometric parameters of the
ASV configuration on optimal control laws and
injection trajectories is analyzed for the follow-
ing nominal conditions:

- initial speed V; = 50m/s, dtitude h; = 200m,

- fina orbit is circular with an atitude of
horb =275 km,

- initia thrust-to-weight ratio (T/mg); = 1.1,

- maximum relaive mass flow rate
m/ m = 3.83-10° ",

- initial specific mid-section load m /Fy
= 6x0° kg/m’ (for the cylindrical shapes)
and 1.64.0° kg/m (for conical shapes)

It is obvious from Figs 2-4 that changes in
the cross section geometry and outboard wing
area give rise, as a rule, to (L/D)max and Cpo.
Thus, a change in the injected mass with varia-
tions of the aerodynamic configuration depends
on trade-off between two opposite trends. in-
crease in aerodynamic drag and relative growth
of ASV lifting capabilities. The investigations
show that the effect of variations of the ASV
aerodynamic configuration is significantly differ-
ent for optimal traectories of types A and B
type.

Fig. 5 presents the relative injected mass
“me = my(@/b)/my(1) for different vaues of the
contraction parameter of the conical ASV ob-
tained using optimal (upper curve) and tradi-
tiona (lower curve) control laws. It is seen that
the parametric analysis based on approximate
(traditional) control laws qualitatively distort the
objective parameter dependency of the ASV
weight efficiency.

To the left of the bifurcation point, in-
creased contraction parameter results in reduced
injected mass. The optimal trajectories for these
configurations correspond to conventional STS
injection schemes [7, 8] (type B according to the
classification [2]) and amost do not use the
lifting capabilities. Therefore, increase in the
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contraction parameter followed by increased
aerodynamic drag results in reduced injected
mass.
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Fig. 5 Relative injected mass versus contraction
parameter for a conical ASV. The values marked out
by a bold line are relevant to the global optimum.

Increase of the contraction parameter after
excess of the bifurcation value a/b » 1.3 leads to
growth of the injected mass. As noted above, a
qualitative change in the maximum injected mass
versus the contraction parameter is caused by a
change in the optimal control law structure. To
the right of the bifurcation point, the injected
mass is the maximum when the A-type control
law is used.

The Pontryagin  maximum principle is
based on necessary conditions of optimality,
therefore the ASTER complex involves special
procedures of selecting local extremals. In
Fig. 5, the dependencies of the functional on the
contraction parameter are shown by thin linesin
the vicinity of the bifurcation point that corre-
spond to local extremals existing simultaneously
with global ones.

Comparison of the functional values on
different-type trgectories shows that when op-
timal control laws are used the gain in the in-
jected mass on B-type trgectories is 1.3% as
compared with traditional control laws. When
the lifting capabilities are used (on the optimal
trgjectories of type A), this gain already at a/b »
2.5isfour times greater.

Note especialy the fundamental difference
in sengitivity coefficients I m¢/q (a/b) character-
izing the effect of the contraction parameter on
the injected mass for optimal and traditional
control laws. It is widely believed that approxi-
mate estimates of the injected mass are sufficient
a the initidl ASV design stages when optimal
variations of the configuration parameters are
often based on the analysis of only partial de-
rivatives, i.e, sendtivity coefficients. In this
case, the hypothesis of their independence from
the parameter to be varied is implicitly accepted.
However, it is seen in Fig. 6 that the real de-
pendence of sengitivity coefficients on the pa
rameter, which takes account of the optimal use
of lifting capabilities of ASV, is not only inquasi-
constant, as opposed to traditional control laws,
but also experiences a bifurcation change. Dur-
ing the jump, not only the derivative magnitude
changes (sometimes in orders) but also its sign
(Fig. 6).

It is important to stress that in this
case the bifurcation behavior is characteristic for
the injected mass sensitivity coefficients not only
to variations of the contraction parameter but
also to amost al other ASV configuration pa-
rameters (for example, initia thrust-to-weight
ratio, specific load on mid-section etc.). It fol-
lows from Fig. 6 that if traditional approximate
control laws were used in determining the influ-
ence of the parameters on the functional, the de-
rivative ' m/ (a/b) would be essentially con-
Stant.

Compare now the optimal contraction pa-
rameter values for optimal and traditional con-
trol laws. Fig.5 shows that the approximate
(traditional) approach gives the only "optimal"
configuration solution: (a/b)ex = 1, i.€e., the circle
is the best cross section shape of a conical ASV.
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Fig. 6 Jump in sengitivity coefficient for the
maximum relative injected mass to variations of con-
traction parameter of the conicd ASV when the
globa extremal typeis changed.

-0.02

But when the strict optimization procedure
taking account of structural changes in optimal
control lawsis used, it is obtained that the ellipse
with a great contraction parameter is sufficiently
better in the functional than the circle. Thus, the
approximate approach to constructing the trajec-
tory control laws for such ASVs can violate the
optimal concept of the vehicle under design. In-
vestigations of diverse aerodynamic configura-
tions reveal that complex analysis of the influ-
ence of vehicle parameters on effectiveness of
the vehicle use with due regard for significantly
nonlinear dependency of optima solutions on
ASV parameters is of great importance in de-
signing ASV. One of main conditions of the in-
vestigation result reliability is use of the regular
procedure of constructing optimal trajectories
with a specified accuracy. In the present paper,
the trgjectory optimization is carried out with the
use of the ASTER package enabling the solution
to be obtained by applying the Pontryagin maxi-
mum principle in automatic mode without man-
ual selection of an initial approximation for var-
ied parameters in the boundary-value problem.

Iy
1.000 @ -
] \4_
i =
0.995
T Optimal ]
0.990 —
A4 =====-- Traditional J
0.985
0.980 41— e
1 Bifurcation point | | TTT=+ --
0.975 LI LI LI &l LI LI
1.00 1.25 1.50 1.75 2.00 2.25

alb

Fig. 7 Relative injected mass versus contraction
parameter for a cylindrical ASV. The values relevant
to the global optimum are bolded.

The dependency of the relative injected
mass on the contraction parameter a/b of the

cylindrical ASV cross section shown in Fig. 7 is
smilar to that for the conica vehicle (Fig. 5).
When compared to conical vehicles, the range of
changing *m is much less because the aerody-
namic characteristics of the cylindrical ASV with
variation of a/b vary to smaler extent (Fig. 3).

Changes in the relative injected mass
“my = my(" Fy)/me (0) with variations of the rela-
tive outboard wing area F,=F,/F, (Fig. 8)
have the same peculiarities as with variations of
the contraction parameter. There exists a bifur-
cation value of the parameter F,,, which sepa
rates the optimality regions for extremals of
types A and B. At F, < F, the B-type extre-

mals is globally optima, while at F, > F,, the
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A-type extremals are of this sort because they
better use the lifting capabilities of space vehi-
cles. It must be emphasized that in this case
gualitative changes in the dependency of the
maximum injected mass on the outboard wing
area are exhibited already at very small outboard
wing panels which area are only several per cent
on the mid-section one.

AN

11"
’\0\0

Optimal
------ Traditional

il T

_———
-

Bifurcation point

0.0 0.5 1.0 15 20
AN FW
Fig. 8 Reative injected mass versus relative

outboard wing area for a winged cylindrical ASV.
The bold line is relevant to the global optimum.

Conclusions

The investigation of the influence of the ASV
aerodynamic configuration on the maximum
mass injected into low Earth orbit has shown
that this dependency can be significantly nonlin-
ear, and bifurcation of sengtivity coefficients is
possible. At jump points, the sensitivity coeffi-
cients can change both in order of magnitude
and in sign. The nature of such behavior of op-
timal solutions consists in a bifurcation change in
the optimal control law structure with variations
of configuration parameters. To cause the
gualitative change the relatively small variations
can be sufficient. For example, in the situation
considered in the paper, a variation of the rela-
tive ASV outboard wing area results in a quali-
tative restructuring of the optimal control law

and sengtivity coefficients dready in installing
the outboard wings with the area of only severa
per cent of the mid-section area. Revealing such
features of fundamental importance in designing
advanced ASV's becomes possible in using the
strict approach to optimization of the ASV tra-
jectory control. In the present paper, the advan-
tages of the Pontryagin maximum principle real-
ized in the automated package ASTER are dem-
onstrated.
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