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Abstract

Resin-dominated damage modes, such as matrix
cracking and delamination, are common failure
mechanisms in composite laminates and are of
primary concern in the current design with
composites. Matrix cracking in the 90o ply has
long been recognised as the first damage mode
observed in composite laminates under static
and fatigue tensile as well as thermal loading. It
results in reduction of the laminate stiffness
properties and is detrimental to the laminate
strength. It also triggers the development of
other harmful damage modes, such as
delaminations at the free edges of the laminate
and/or local delaminations, growing from the
tips of matrix cracks. Under biaxial or general
in-plane loading, damage may affect more than
one layer of the laminate, and different damage
modes can interact with each other. Until now,
multilayer damage of fibre-reinforced
composite laminates has been very little
modelled theoretically or simulated numerically
(by means of the finite elements), mainly
because the analysis of a representative element
defined by the intersecting pairs of cracks is
cumbersome. In the present paper, a new
approach based on the Equivalent Constraint
Model (ECM) of the damage lamina is applied
to investigate multilayer matrix cracking and
delaminations. It provides closed-form
expressions for the reduced stiffness properties
due to these damage modes. It will be shown

that in carbon/epoxy laminates transverse and
longitudinal cracking and delaminations cause
significant reduction of the laminate shear
modulus and Poisson’s ratio, while the axial
modulus is very little affected by the damage.
Contribution of each damage mode into stiffness
reduction will be established.

1 Introduction

Resin-dominated damage modes, such as matrix
cracking and delamination, are common failure
mechanisms in composite laminates and are of
primary concern in the current design with
composites. Matrix cracking in the 90o ply has
long been recognised as the first damage mode
observed in composite laminates under static
and fatigue tensile as well as thermal loading. It
results in reduction of the laminate stiffness
properties and is detrimental to the laminate
strength. It also triggers the development of
other harmful damage modes, such as
delaminations at the free edges of the laminate
and/or local delaminations, growing from the
matrix crack tips.

When a laminate is subjected to biaxial or
general in-plane loading, damage may affect
more than one layer of the laminate, and
different damage modes can interact with each
other. In cross-ply [0m/90n]s laminates,
transverse and longitudinal matrix cracks
(splits) will appear in 90o and 0o plies
respectively. They may be accompanied by
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transverse and longitudinal delaminations
growing along the respective matrix cracks at
the 0o/90o interface. In cross-ply laminates
reinforced by carbon fibres, these damage
modes were observed also under uniaxial
tension [1] as well as thermal loading [2].

Multilayer damage of fibre-reinforced
composite laminates has been very little
modelled theoretically or simulated numerically
(by means of the finite elements), mainly
because the analysis of a representative element
defined by the intersecting pairs of cracks is
very cumbersome. For cross-ply laminates,
Hashin [3], Tsai and Daniel [4], [5], Henaff-
Gardin, Lafarie-Frenot and Gamby [6]
developed analytical models in order to predict
stiffness reduction due to transverse and
longitudinal cracking. None of these models
takes into consideration delaminations growing
at the 0o/90o interface along transverse and
longitudinal cracks.

In the present paper, a model is developed
for the analysis of cross-ply laminates, damaged
by transverse and longitudinal matrix cracks and
transverse and longitudinal delaminations
growing along them. The model is based on the
Equivalent Constraint Model (ECM) of the
damaged ply [7] and employs an improved 2-D
shear lag method [8] to determine the stress
field in the damaged ply.

2 Damage Characterisation

A schematic of the damaged cross-ply [0m/90n]s

laminate is shown in Fig. 1. Transverse and
longitudinal cracks are assumed to be spaced
uniformly and to span the full thickness and
width of the 90o and 0o plies respectively, while
transverse and longitudinal delaminations are
assumed to be strip-shaped. Spacings between
splits and transverse cracks are denoted
respectively 2s1 and 2s2, and the strip widths of
longitudinal and transverse delaminations are
denoted 12�  and 22� , respectively. The

laminate is subjected to biaxial tension ( 11σ  and

22σ ) and shear loading ( 12σ ).

3 Equivalent Constraint Model

Application of the Equivalent Constraint Model
(ECM) of the damaged lamina to the problem
means that the following two ECM laminates
will be analysed instead of the damaged
laminate configuration shown in Fig. 1. In the
ECM1 laminate, the 0o layer (1st layer) contains
damage explicitly, while 90o layer (2nd layer),
damaged by transverse cracking and transverse
delaminations, is replaced with the
homogeneous one with reduced stiffness
properties. Likewise, in the ECM2 laminate, the
90o layer (2nd layer) is damaged explicitly, while
the 0o layer (1st layer), damaged by longitudinal
matrix cracks and longitudinal delaminations, is
replaced with the homogeneous one with
reduced stiffness properties. ECM1 and ECM2
laminates are analysed simultaneously as a
coupled problem. Their representative segments
are shown in Fig. 2. These segments can be
segregated into the locally delaminated

µµ �<< x0( ) and perfectly bonded

µµµ sx <<�( ) regions.
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Figure 1. Cross-ply laminate damaged by transverse
cracking, splitting and delaminations growing from
the tips of transverse cracks and splits
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4 Stress analysis

The purpose of the analysis of an µECM
laminate is to determine the reduced stiffness
properties of the explicitly damaged µ th ply.

Let ),(~ k
ij
µσ , ),(~ k

ij
µε  and ),(~ k

iu µ  denote respectively

the in-plane microstresses, in-plane microstrains
and the in-plane displacements in the kth layer of
the µECM  laminate )2,1,( =µk , averaged
across the thickness of the ply and width of the
laminate.

Since crack and delamination surfaces are
stress-free, stresses in the locally delaminated
region of the explicitly damaged µ th ply vanish.

In the perfectly bonded region, they can be
determined from the equilibrium equations
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where )(µτ j  are the shear stresses at the 0o/90o

interface of the µECM  laminate in the jth

direction and µh  is the layer thickness. It is

assumed [8] that the out-of-plane shear stresses
2,1,),(

3 =jk
j
µσ  vary linearly across the thickness

of the 90o layer as well as over one-single-ply
thickness t in the 0o layer (so called shear layer)

thxhxth
t

jhxx
h

j
j

j
j

+≤≤−+=

=≤<=

23232

)(
)1,(

3

233
2

)(
)2,(

3

)(

2,1,0

µ
µ

µ
µ

τ
σ

τ
σ

(2)

By integrating the constitutive equations for the
out-of-plane shear stresses 2,1,),(

3 =jk
j
µσ  (see

Appendix of [9]), the interface shear stresses
)(µτ j  can be expressed as
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where 2,1,ˆ )(
3 =kG k

j  are the out-of-plane shear

moduli of the kth layer, and jK  are the shear lag

parameters. Substitution of shear lag equations
(Eqs 3, 4) into equilibrium equations (Eqs 1)
and subsequent differentiation with respect to

µx  yield
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Figure 2: Representative segments of:
a) ECM1 laminate; b) ECM2 laminate
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Strain differences )~~( )2,()1,( µ
µµ

µ
µµ εε −  and

)~~( )2,(
12

)1,(
12

µµ γγ −  can be expressed in terms of

stresses ),(~ µµ
µµσ  and ),(

12
~ µµσ , using the equations

of the global equilibrium of the laminate,
constitutive equations for both layers, as well as
the condition of generalised plane strain in the
plane 3xOxµ . Finally, Eqs. 5 are reduced to

0~
~

22
)(

2211
)(

11
),()(

12

),(2

=++− σσσ
σ µµµµ

µµ
µ

µ

µµ
µµ ΩΩL

dx

d

0~
~

12
)(

12
),(

12
)(

22

),(
12

2

=+− σσσ µµµµ

µ

µµ

ΩL
dx

d
(6)

Here, ijσ  are the applied total stresses,
)(

12
)(

22
)(

11
)(

1
)(

1 ,,,, µµµµµ ΩΩΩLL  are the constants

depending on the compliances )(ˆ µ
ijS  of the

undamaged material of the explicitly damaged
µ th layer, modified (due to the implicitly

contained damage) compliances µκκ ≠,)(
ijS  of

the equivalent constraint layer(s), shear lag
parameters jK  and the layer thickness ratio χ .

In detail, they are presented in Appendix B of
[9].

Given that at the boundary µµ �=x

between locally delaminated and perfectly
bonded regions of the ECM µ  laminate the

microstresses are zero, i.e. 0~~ ),(
12

),( == µµµµ
µµ σσ ,

solutions of the differential Eqs. 6, i.e.
microstresses in the perfectly bonded regions of
the ECMµ  laminate, are
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5 Material degradation estimation

The reduced stiffness properties of the damaged
µ th layer can be determined by applying the
laminate plate theory to the µECM  laminate
after replacing the explicitly damaged layer with
an equivalent homogeneous one. The modified
in-plane stiffness matrix ][ )(µQ  of the
homogeneous layer equivalent to the µ th layer
of the µECM  laminate is related to the in-plane

stiffness matrix ]ˆ[ )(µQ  of the undamaged layer

as ]][ˆ[]ˆ[][ )()()()( µµµµ ΛRQQ −= , where
















=

















=

)(
66

)(
22

)(
22

)(

)(
66

)(
22

)(
12

)(
12

)(
11

)(

00

00

00

][

ˆ00

0ˆˆ
0ˆˆ

]ˆ[

µ

µ

µ

µ

µ

µµ

µµ

µ

Λ
Λ

Λ
Λ

Q

RQ

QR

R

(8)

1)2(
22

2)2(
12

)2(
11

1)1(
11

2)1(
12

)1(
22

)()(

)ˆ()ˆ(ˆ

)ˆ()ˆ(ˆ,ˆˆ

−

−

=

==

QQR

QQRQR µ
µµ

µ
µµ

Here )(
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)(
22 , µµ ΛΛ  are the In-situ Damage

Effective Functions (IDEFs) for the µ th layer of
the µECM  laminate, for which the following
expressions are derived
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Here µµµ shDmc /=  and µµµ sDld /�=  are

damage parameters, known respectively as
crack density and relative delamination area.
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Constants )()( , µµ γβ qq  depend solely on the layer

compliances )(ˆ µ
ijS , µκκ ≠,)(

ijS , shear lag

parameters jK  and the layer thickness ratio χ .

In detail they are given in [10]. IDEFs for the
µ th layer implicitly depend on the damage

parameters ldmc DD κκ ,  associated with the
equivalent constraint layer(s) through the
modified compliances µκκ ≠,)(

ijS , which are

determined from the analysis of the ECMκ
laminate. IDEFs for both layers form a system
of four simultaneous nonlinear algebraic
equations, which is solved computationally by a
direct iterative procedure.

6 Results and Discussion

Validation of the ECM/2-D shear lag approach
in absence of delaminations is published
elsewhere [11]. Here, the model is applied to
examine stress fields and to predict degradation
of stiffness properties in T300/934 laminates.
Single ply properties of this carbon/epoxy
material system are as follows: EA=144.8GPa,
ET=11.38GPa, GA=6.48GPa, GT=3.45GPa,
vA=0.3, ply thickness t=0.132mm.

Figure 3 shows stress distributions in
[0/90]s and [0/902]s laminates under uniaxial and
biaxial tension with different biaxiality ratios

21;;0/ 2211 =σσ  ( MPa22522 =σ ). In-plane

direct stresses TY/~ )2,2(
22σ  in the 90o layer and

TY/~ )1,1(
11σ  in the 0o layers are normalised by the

value of the transverse tensile strength YT and
plotted as functions of the normalised distance
from the crack 2,1,/ =µµµ sx . The transverse

tensile strength for a T300/934 system is
YT=45MPa. Crack/split density is 1 cm-1 in the
[0/90]s laminate and 5 cm-1 in the [0/902]s

laminate. It may be seen that, under biaxial
loading, stresses in the cracked 0o and 90 layers
are higher than under uniaxial loading. They
increase with increasing biaxiality ratio and
become larger than the transverse tensile
strength of the material. This means that another
crack will form without or with only a little
increase in the applied load. At lower crack

densities, stress curves exhibit a plateau, which
means that, once the stresses reached the tensile
transverse strength level, new crack may form
over certain distance between two neighbouring
cracks and not necessarily in the middle.
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Figure 4 illustrates degradation of the
laminate axial and shear moduli as well as
Poisson’s ratio due to transverse and
longitudinal cracking (splitting) in [0/90]s and
[0/902]s laminates. Properties reduction ratios
are plotted as functions of transverse crack
density. Two values of longitudinal crack
density are considered; 0 splits/cm (i.e. no
longitudinal cracking) and 10 splits/cm.
Longitudinal cracking causes significant
additional reduction of the laminate shear
modulus and Poisson’s ratio (Fig. 4b,c), but not
of the axial modulus (Fig. 4a).

a)

b)

c)

Figure 5 shows degradation of the laminate
stiffness properties due to transverse and
longitudinal delaminations that initiate and grow
at 0o/90o interface respectively along transverse
and longitudinal cracks in [02 /904]s laminate.
Reduction ratios for the axial and shear modulus
and Poisson’s ratio are plotted as functions of
the relative delamination area. Transverse and
longitudinal cracking is characterised by the
same damage parameter value 1.021 == mcmc DD
This corresponds to transverse crack density of
0.95 cracks/cm and longitudinal crack density of
1.9 splits/cm. The area of transverse and
longitudinal delaminations longitudinal cracking
is taken to be equal, i.e. ldld DD 21 = .

As one may see, the laminate stiffness
properties decrease linearly with increasing
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delamination area. Shear modulus is reduced
significantly, while axial modulus is almost
unaffected. The total reduction of the axial
modulus in this example is less than 5%, while
the shear modulus is reduced by 34%, and the
Poisson’s ratio by 24%.

Figure 6 illustrates contribution of each
damage mode (transverse cracking, longitudinal
cracking, transverse delaminations, longitudinal
delaminations) into the total reduction of the
laminate stiffness properties when

1.021 == mcmc DD  and 1.021 == ldld DD . The
reduction of the axial modulus (Fig. 6a) occurs
mainly due to transverse cracking and
transverse delaminations, while the effect of
longitudinal cracks and longitudinal
delaminations is negligible. Transverse
delaminations play the major role in the shear
modulus reduction (Fig. 6b), though the
contribution of transverse and longitudinal
cracking is also significant. The Poisson’s ratio
(Fig. 6c) is reduced in equal parts by transverse
and longitudinal cracking and transverse
delaminations.
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7 Concluding Remarks

To predict stiffness loss due to damage that
occurs in fibre reinforced composite laminates
under multiaxial loading, a new theoretical
approach has been suggested, which takes into
account interaction between damage modes in
different layers. These include transverse and
longitudinal cracking as well as transverse and
longitudinal delaminations, growing at the
interface along the cracks in a cross-ply
laminate. The approach is based on the
Equivalent Constraint Model (ECM) of the
damaged ply, and uses an improved 2-D shear
lag method to determine the stress field in the
damaged layer.

The approach has been used to examine
stresses and predict stiffness degradation in
T300/934 cross-ply laminates. It is found that,
under biaxial loading, stresses in the cracked
plies are higher than under uniaxial loading, due
to the stress transfer between the layers.
Transverse and longitudinal cracking and
delaminations cause significant reduction of the
laminate shear modulus and Poisson’s ratio,
while the axial modulus is very little affected by
the damage. Contribution of each damage mode
into stiffness reduction has been established.
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