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Abstract

Through the representation of vorticity fields by discrete
vortices, the vortex method has shown its suitability in sim-
ulating vortex dominated flows, such as those surrounding
bluff bodies. However, for a streamlined body like an aero-
foil, the method has had to resort to other grid dependent
schemes to locate separation points. In this paper, a pure
vortex model is presented to solve the Navier-Stokes equa-
tions in vorticity/stream function form, integrating the in-
fluence of moving boundaries. The flow region is divided
into creation and wake zones, and the model adopts a dif-
ferent discretization procedure in each zone. The exchange
of vorticity between zones is simulated in accordance with
the vortex positions relative to the body surface after the
advance of time. The nascent vorticity is obtained from
the implementation of appropriate boundary conditions to
a multi-panel representation of the body surface. The re-
sults of the application of this pure vortex method to static
and pitching aerofoils illustrate that it is able to predict
separation and reattachment, while the comparison of pre-
dicted aerodynamic characteristics with experimental data
shows good agreement.

Introduction

Like other numerical simulation models, vortex mod-
elling has been the subject of research in numerous publi-
cations the during last few dacades. Its continous and sub-
stantial progress has been comprehensively summarized in
review papers(1):(2), ,

The representation of vortical regions in incompress-
ible flows by discrete vortices enables the concentration of
computing resources only in areas of non-zero vorticity. In
addition the flexibility arising from this grid free scheme
makes it especially suitable for numerical simulation of
flows in which the boundaries are moving continously, for
example the flows around a pitching aerofoil.

In potential flow applications of the vortex method, a
vortex appears as asingular element, introduced wherever a
sudden velocity change exists, with the associated velocity
field obtained from the Biot-Savart law. The flow around a
static aerofoil at low angle of attack can be modelled in this
way. Traditionally a singular element vortex sheet is placed
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on the surface, the strength of which is determined from
the implementation of no penetration through the surface
in conjunction with the trailing edge Kutta condition. This
leads to a solution of the Euler equations, however the ca-
pability of the method can be broadened by the introduction
of vortex blobs and the incorporation of models to integrate
diffusion effects caused by viscosity. The vortex core elim-
inates the infinite induced velocities, and the random walk
scheme(®) and vortex strength exchange model(*) extend
the applicability of the method to a wide range of incom-
pressible flows described by the Navier-Stokes equations.
The accuracy and convergence of the schemes have also
been addressed by several publications():(8),

The interest in vortex evolution schemes involving con-
vection and diffusion of vorticity has arisen as a conse-
quence of the close resemblance between computed vortex
structures and those obtained from experimental research
on bluff bodies and aerofoils. These encouraging results,
however, often pertain to flows in which the location of
separation points are fixed by sharp edges or are known in
advance. Other than for attached flows leaving the trailing
edge, such advantages do not exist in flows around stream-
lined bodies like aerofoils, for which separation points
cannot be pre-defined. To identify such points, workers
have often resorted to other numerial schemes, like the
finite element method(?), within the boundary layer. This
has actually returned the method back to grid reliance in
conjunction with artificial suppression of vortex release in
unseparated areas to maintain a smooth solution for the
pressure distribution.

Interest in research into flows around pitching aerofoils
arose from the perceived potential benefits in the improved
performance of fighters, helicopters and wind turbines.
From the experimental research results, these unsteady
flows with moving boundary are dominated by a vortex,
known as the dynamic stall vortex. In addition to the vortex
method, some grid based schemes like the O-grid scheme
combined with the Joukowsky transformation(8); the Mov-
ing O-grid scheme(®); the hybrid grid scheme (dynamic
structured and unstructured grid)(m); viscous/inviscid in-
teraction schemes(!!); the random walk vortex method cou-
pled with the Von Mises transform(!?), have been able to
predict the flows numerically. Of all these, the capability
of the vortex method will be greatly enhanced by devel-
oping a model which can decouple its reliance on other
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schemes in prediction of separation points. To achieve this
is a major task of the present research.

In this paper, a pure vortex model is presented to in-
tegrate the influence of moving boundaries and to solve
the vorticity/stream function form of the Navier-Stokes
equations. The flow region is divided into a creation zone
and wake zone, with different discretization procedures
adopted for each. Within the creation zone vortices are
located at discrete points which are fixed with respect to
the body, and changes in vortex strength are in accordance
with the requirement of the no slip/no penetration boundary
conditions. In the wake zone, the strength of an individual
vortex remains constant, with its position determined by
convection and a perturbation consistent with the random
walk method to simulate diffusion effects. The exchange
of vorticity between the two flow zones is dependent on
the vortex positionsrelative to a multi-panel representation
of the body surface, after the advance of time. The resuits
of the application of this pure vortex method to static and
pitching aerofoils illustrate the ability to predict separa-
tion and, where appropriate, reattachment. In addition the
comparison of predicted aerodynamic characteristics with
experimental data shows good agreement.

Governing Equations

Velocity/pressure form

Two dimensional incompressible flow, depicted in fig-
ure 1, is governed by the following continuity and full
viscous Navier-Stokes equations:

=0 )

Di
=
where 1 is the flow velocity, p is the fluid density, P is
the static pressure, t is the time and v is the kinematic
viscosity.
Their solutions are subjected to boundary conditions

—%vP+uv2ﬁ‘ (2)

d=1t; onS; and d = iy, on S (3)

which means that flow in the far field is undisturbed and the
velocity of each flow particle is equal to that of the body at
the surface due to the no-slip/no-penetration conditions.

Without deformation, the body surface velocity corre-
sponds to that of a solid region with reference point ¢,
depicted in the figure 2,

@ = die+ Qs x (F—Tie) )

where subscript 7 is the index for the body, ;; is the ve-
locity of its reference point, and ; is the angular velocity.

Vorticity/stream function form

ith
\Py

By using the definitions of vorticity & = 7 x U

X
@ = kw, vector potential ¥ withd = ¢ x ¥, ¥
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Figure 1. Flow domain

Figure 2. Reference coordinate system

v.‘f’ = 0, and rotational velocity fz,- = k&, the governing
equations can be expressed in vorticity/stream function
form:

VY = ~w 5)
%‘ti v ©)

and the boundary conditions are
J¥ =vy¥ionS;and YW = YW on S @)
where, on S;, '¥; satisfies
o = Kl x (F- F)l + 5@l - Fuol
+ constant

a solution of
VY = 20 (®)

defined over area B; occupied by solid body ¢ with the
same conditions on S;.

Velocity vs vorticity

The relationship between the velocity and the vorticity
has been derived by the application of Green’s Theorem
to (5) for region F' and (8) for B;, and combining them
through the boundary conditions. For a point p outside the
solid region, the result is
ﬁoo'*‘i/ wkx(rp-—r)

27 F

i, = - =
’ I, — 7112

dFy
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where F' = Fy U F, and F, N F,, = 0.

The equation details the four contributions to the veloc-
ity from the free stream, the vorticity in the small control
area Fy around the solid region (creation zone), the vor-
ticity in the remaining flow area F,,, and the equivalent
vorticity inside the solid region due to the motion of the
body. The equation also indicates the means by which
knowledge about vorticity fields leads to knowledge of
velocity fields.

Numerical Implementation

Surface representation

For a two dimensional body, as illustrated in figure 3,
a polygonal representation of the body surface is created
by connecting node points with a straight line to form a
series of panels. N main node points are located on the
body which define N plane panels approximating the N
curved segments of the surface. Each curved segment is
further subdivided into n equal length sub-panels by the
specification of n — 1 nodes along the segments.

Suriace

node point

Figure 3. Multi-panel representation

Vorticity Discretization

The entire flow region is divided into two sub-regions,
each with a different vorticity discretization procedure.
The thin layer near the body surface is regarded as a special
zone, the creation zone, in which the vorticity is produced.
The vorticity in the rest of the flow field arises through
convection and diffusion of that generated in the creation
zone.

The thinness of the creation zone makes it acceptable
to reduce the vorticity field to a one dimensional vortex
sheet, which is then discretized into vortices in a two stage
process in accordance with the surface representation.

Firstly, the sheet strength, +, is treated as a quantity
which varies piecewise linearly and continuously along

the surface. The values of 4 at main node points there-
fore represent the entire vorticticiy distribution within the
creation zone.

Secondly, the panel distribution of vorticity is further
broken down into vortex blobs, one for each sub-panel. The
blob is positioned a distance § directly above the middle of
the sub-panel. The discretization is illustrated in figure 4

Ym+l

m+l 1

1 ¥ ¥
k=K  k=K-1 k=2 k=1

Figure 4. Discretization and - distribution

The relative position of the vortices to the body is fixed,
while circulation changes are reflected in the v distribution.

In the other sub-region, wake zone F,,, vorticity is dis-
cretized into vortices in accordance with the final step of
the previous discretization. The process can be regarded
as one of an individual vortex advancing in time, through
convection and diffusion, with the same circulation. This
corresponds to solving the vorticity transport equation after
operator splitting. The convection velocity is equal to that
of the associated particle and can be evaluated by equa-
tion (9), where the integrals are replaced by summations
due to the discretization of the vorticity field. The Adams-
Bashforth second order method is employed to locate the
convected position, to which additional displacements, 7,
ny in the z and y directions, are added to simulate viscous
diffusion. These displacements are generated through the
random walk method and satisfy the Gaussian distribution
of zero mean and standard deviation \/2A#Re. Accord-
ingly a discrete point of z; (f) at instant of time ¢ shifts
to

GU+M), = u®)+ Bv ®~ 3V~ At)] .t
+ (70 +iny) (10)

att 4 At while the advance of each creation zone vortex is
(5t + M), = 2 O+ Vi) At + (s +imy) (1)

The exchange of vorticity between the two zones, or the
release and absorption of vortices from/to the wake zone
are determined by the new vortex positions at the next
instant of time, with respect to the surface position. At
the beginning of the calculation, the total number of such
vortices is zero, as is the mass flow contribution.

Surface vorticity determination
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The  values in the creation zone are the solution of
equations from the boundary condition which is imple-
mented by ensuring zero mass flow through each surface
panel. Although this does not guarantee that the equations
are satisfied at every point, there is at least one point on
each panel with zero relative normal velocity. The imple-
mentation is expressed as

Fis+ Fji+ Fijj+ Fju + Fjn=0 (12)

with each term representing the contribution of mass flow
from different sources. The first and second terms Fjs, Fy;
are from the motion of the body and are thus additional
items to those for the static case. Fjs, Fj, and Fjy, repre-
sent the contributions from the free stream, the vortices in
the wake and the vortices within the creation zone.

The total number of equations (12) is N for a body with
N panels, but only N — 1 are independent because there
is no source or sink within the body. Hence when N — 1
panels satisfy zero mass flow, the mass flow for the final
panel will automatically be zero.

A further equation required to make the solution unique
is obtained from the requirement for a single-valued pres-
sure field, and results in a circulation condition. For each
body, the additional condition is

N K
YL Y Tk +2uA =Ty (13)

m=1 k=1

where the first term is the circulation of vortices in the
wake, the second is the circulation of vortices in the cre-
ation zone, the third is the circulation due to the body
rotation and the fourth is the initial circulation in the flow
field prior to the start of calculations. The second term
contains the unknown v values.

Pressure evaluation

Operating with fix on the N-S equation (2) applied
to the body surface, an equation for pressure gradient is
. Dd Jw

obtained L oP
where 1, the normal vector, and §, the tangential vector are
related by ii = § x k.

Because of the no-slip condition the flow velocity on
the surface should be the same as that of the surface itself,
given by (4). Hence the equation becomes (dropping index

i)

1P Do oo DR
pds T STpp TH\UTYI Ty
Ow
d (2 = 2 ow
+ s‘(r rc)Q +V6n (15)

The first three terms on the right hand side of the above
equation only appear when the body is in motion and they
describe the surface tangential components of the acceler-
ation of the reference point, the rotational acceleration and
the centripetal acceleration.

Rewriting the vorticity transport equation (5) as

Dv bw

E:g-}-(ﬁ.v)w:—v‘(—uv«.u) (16)
—v 7 w is the vorticity flux which, when applied at the
body, produces the surface flux —fi.v Y w = ~v8w/0on.
Therefore the last term in (14) can be regarded as the
negative vorticity creation rate at the surface.

Consider a control area with one side on part of the
body surface and the opposite side on the upper part of the
control zone, figure 5. The control area has size ds along
the surface and moves with the body. The circulation of
vortices inside the control area at time ¢, excluding the
vorticity created by the surface at this time, is v*ds. This
includes the vorticity in existence there at time ¢ — Af and
the vorticity flux through the area boundaries (excluding
the body surface) from ¢ — Af to t. The circulation of vor-
tices created at the element of surface during this time step
is (~v8w/8n) dsAt. The nett circulation of vortices inside
this area, vds, is given by the sum of these contributions,
that is

Ow
—_—— ads = 17
( Van)dsAt+7 ds = vds an
SO 3
A Gl
= - 1
Van At (18)

where ¢ is the equivalent circulation density of existing
vortices in the control area at time ¢, and is approximated
piecewise linearly in the same fashion as the nett vorticity

7.

upper border of the control zone

border with panel j+1 border with panel j-1

Figure 5. Vorticity inside the control zone

The integrals from pressure gradient to pressure distri-
bution and from the pressure to aerodynamic force and
moment are standard.

Results and Analysis

The model has been used to predict some attached and
separated flows. The results for starting flow around a
NACAO012 undergoing various motions are presented be-
low, including impulse start, ramp-up motion and ramp-up
ramp-down triangle motion. '

Caselia = 5°, o = 8°, a = 10° impulse start unsteady
static flows (attached flows)
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Figure 6 illustrates the vortex patterns and surface pres-
sure distributions for these cases, the first two frames cor-
responding to times shortly after the impulse start and after
the flow around the aerofoil has settled at 10°. The rest are
for settled flows at 5° and 8° respectively. The Reynolds
numbers are Re = 990000. From the earlier frame, the
vortices are seen to be emitting from the trailing edge and
rolling up. This represents the starting vortex and during
this period circulation is built up around the airfoil and the
suction near the leading edge is relatively small. The later
frames show the settled vortex patterns, with vortices again
emitting from the trailing edge but no longer rolling up.
This is due to the vortices trailing from both the upper and
lower surfaces being of opposite sign and almost the same
magnitude. At this stage there is little overall change in
the circulation around the airfoil. Also evident is the close
proximity of the emerging vortices to the aerofoil surface
although the layer where vortices appear on the upper sur-
face is thicker than that at the smaller angles. This is in
good accordance with the established knowledge that the
steady flows for these cases are attached and the further
increase of angle of attack will lead to flow separation.
Velocity vectors and stream lines in figure 7 of the settled
flow around the 10° aerofoil show again the attached flow.

The time histories of the normal force and pitching
moment coefficients C, vs t xV/c (dimensionless time),
Cmiss vs t xVjc are presented in figure 8. These illus-
trate the classic features of starting flow, i.e. an initial
impulse followed by a gradual build up to steady state
values corresponding to the increasing circulation which
develops around the aerofoil. This process is consistent
with the frames in figure 6 where the starting vortex can
be seen to be carrying circulation downstream. The cir-
culation around the body surface increases to maintain
constancy of total circulation.

Also in figure 8 is the experimental C,, which has been
reduced from published steady state test data('3). From this
figure it is apparent that, after the initial transient has died
away, the predicted C, approaches very close to the test
result.

Case 2: ramp-up

Four frames are presented in figure 9 for the case of
a ramp change in angle of attack from —1° to 40°, at
Re = 1020000 and reduced pitch rate k = 0.0415. The
starting and ending phases of the motion are modelled as
an acceleration and deceleration, as shown in figure 11,
in which the time history is the same as that for the ex-
periment. The first frame shows the attached flow at an
angle of 16.5°, higher than the static stall value. In the
second frame, in which dimensionless time ¢t xV/e = 7.0
,and o = 21.5°, the main dynamic vortex is formed near
the leading edge upon the upper surface and correspond-
ingly the suction pressure is increased there. In addition
the secondary and tertiary group of vortices can be seen
to be formed on other portions of the upper surface. They

txV/e = 0.500

a=10.0

Ve = 15.000

a=10.0

ixV/e = 15.000

a=5.0

aV/e = 15.000

«=280

< s T g

Figure 6. Vortex pattern and pressure distribution of the NACA0012
in impulsive flow at o = 10°, o« = 5°, o = 8°
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Figure 7. Velocity field and streamlines of the settled flow at o = 10°
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Figure 8. Aerodynamic characteristics

combine together to develop a secondary dynamic vortex
as shown in the third frame, where the dominant effect
of the main dynamic vortex in the pressure distribution is
apparent. The main vortex absorbs the secondary vortex
and sweeps downward along the surface. As it is about to
leave the trailing edge, a counter vortex is formed there,
which can be seen in the fourth frame. The corresponding
velocity fields in figure 10 give another insight to these
events.

Angle of attack « time history, Cr, vs t xVJc (dimen-
sionless time) and C,.1/4 vs txV]c are presented in figure
11, together with the test results('4). Good agreement can
be seen until ¢t xVjc = 7.0, which corresponds to about
« = 21.5°. After that, the model predicts slightly higher
C., and there is a difference in the peak C,, also. This means
the model predicted an earlier separation than the experi-
ment. This might be due to the core function and turbulent
influences. These may also be the contributors to the dif-
ference in Cy, and C,,;4 afterwards. The peak difference
may also be due to the wind tunnel blockage influence as
the test data was not subject to wind tunnel correction.

Case 3: ramp-up and ramp-down

In figure 12 are four frames for ramp-up and ramp-down,
with two for each motion stage. They are accompanied by
corresponding streamline pictures in figure 13 and by the
angle of attack o time history, Cy, vs txV]c, Cyiys vs txVfe
in figure 14. The angle of attack is increased from 0° to
40° and then is reduced to —10° at reduced pitch rate k =
0.0487 for each case. Reynolds number Re = 990000.
Frame one shows the flow is still attached at high angles of
attack, and the second frame presents the separation from
the leading edge during the pitching up process. Frame
three shows the separation point is moving rearward and
the final frame illustrates the flow fully attached.

The characteristic hystereses in the aecrodynamic loads
are predicted. Of particular importance is the reduction in
C, during ramp down. During ramp-up the processes are
virtually identical to those described in the previous case.
However the delay in reattachment and lack of vortex lift
during ramp-down results in lower C, values. Although
upper surface suction starts to build up during ramp-down
at higher incidence, this process is undermined by the con-
tinual reduction in incidence and possibly by the influence
of the vortex system previously shed.

Conclusions

A discrete vortex model has been developed which is
able to predict separated, incompressible flows withoutre-
sorting to other schemes for separation points. The agree-
ment with test data shows the introduction of the creation
zone around the body and the different discretization pro-
cedure for its vorticity has enabled the modelling of sep-
arated flows, like those around pitching aerofoils. It is
anticipated that future developments, in particular the in-
corporation turbulence effects, will further improve the
prediction capabilities of the model.
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Figure 9. Vortex pattern of the NACA0012 during ramp-up motion
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Figure 10. Velocity field of the NACA0012 during ramp-up motion
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