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Abstract. Several N - factor integration strategies
for transition prediction using linear stability
analysis are compared. A three-dimensional
compressible formulation of the problem, taking
into account the curvature effects but under the
assumption of parallel flow, was used in
conjunction with experimental information
regarding the occurrence of transition. This
procedure allowed to establish more consistent
correlations for predicting the transition location in
the flow over a swept wing, employing the
eN - method. The present results have
demonstrated that the effects of surface curvature
are predomirant when compared with those due to
streamline curvature, inducing a strong stabilizing
influence or: the crossflow - dominated cases that
have been investigated.

Intr ion

The eN - method is still the current state-of-the-art
procedure for predicting the onset of transition in
both incompressible and compressible flows. Its
fundamentals'"® are well known and the method
is characterized by the coupling of a theoretical

basis (linear stability theory) and the empiricism

Copyright © 1994 by ICAS and AIAA. All rights reserved.

associated to the N - factor itself, which is
computed by integrating "small" disturbance
amplification rates yielded by the aforementioned
theory. Here, "small” means that quadratic terms in
the disturbance amplitudes may be neglected in
comparison with linear terms. The success in the
use of the eN - method is strongly correlated to an
efficient calibration of the N - factor value at the
transition location for the flow under analysis.
Although for two - dimensional flows a quasi-
universal value has been established, it has not
been possible to do it, with the same generality, for
example for three - diinensional flows. Moreover,
while it is recognized that there are several effects
which influence the transition process and,
consequently, its onset, such as the pressure
gradient, the Mach number (compressibility), the
wall temperature, the surface roughness, mass
transfer and both streamline and surface
curvatures, most of previous studies on the
present subject have only accounted for a few of
these effects, further limiting the accuracy of the
analysis.

The recently increased interest in the eN - method
has been brought about mainly by its application as

an indispensable design tool in the framework of
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laminar flow control techniques to be implemented
in commercial aircraft. However, as the flow under
consideration is three - dimensional (boundary
layers over swept wings®®)) the integration
procedure is less straight - forward than the
corresponding one in two - dimensional flows, due
to the new possible integration strategies to
evaluate the N - factor, as pointed out by Malik and
Orszag."”) Investigations performed without taking
into account curvature effects” have reported
N - factor values at transition ranging from 1 to 20,
which introduces many drawbacks for the
establishment of the eN - method as a reliable tool
for transition prediction. In order to extend the
applicability of this method, a few researchers have
already included the effects of streamline and
surface curvature in their analyses.® ('3 The
general consensus points that the accuracy of the
method is usually improved since, for instance,
convex surface curvature has proved to produce a
significant stabilizing influence on the laminar
boundary layer.

The objective of the present paper is to compare
the performance of various N - factor integration
strategies, such as the envelope method, fixed
fixed
frequency/fixed orientation, emphasizing and

frequency/fixed waveiength and

exploiting the effects of surface and streamline
curvatuses on the computed N - factor value, for
three - dimensional boundary layers over a realistic
swept curved surface. Information about transition
locations was available which allowed to postulate
the "best" strategies. In the next section, the
equations ruling the behavior of "small”
disturbances in a compressible three - dimensional
boundary layer, formulated in an orthogonal
curvilinear coordinate system, are presented.

Aiming to solve the resulting set of equations, they

into the COSALX
algorithm./"® Next, the results obtained using the

have been embedded

above mentioned N - factor integration strategies
are carefully described. The last section
summarizes the main conclusions of this

investigation.

Problem Formulation and Numerical Meth

Figure 1 depicts the case of three-dimensional flow
over a curved swept surface. The figure also shows
schematically the geometry and notation for the
body-fitted orthogonal curvilinear coordinate
system used.

In the present study the basic flow has been
obtained from the solution of the compressible
boundary layer equations for a perfect gas. The
method proposed by Kaups and Cebeci!'® has
been employed, thus assuming the invariance of
the pressure and velocity fields in the z - direction,
i.e., the conical flow assumption was applied.

Fig. 1 Flow geometry and notation.
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For the formulation of the problem of linear stability
analysis, we begin by considering a flow where the
instantaneous values of velocity, pressure and
temperature may be considered as a
superimposition of “infinitesimally small"
disturbances on the above mentioned basic state.

So, the instantaneous values may be written as

(u,v,w,p, T)=(U, V,W,p, :I:‘)+(u', v, w,p,T), (1)

where u, v and w are the orthogonal velocity
components, pis the pressure and 7 stands for the
temperature. We further assume the basic flow as
quasi - parallel, so that

U=U(2), v=0, w=w(2), T=T(2), @

expressing an approximation which introduces a
small error as long as the Reynolds number is
high."'"" Here, all the quantities are non-
dimensionalized by their corresponding values at
the edge of the boundary layer and the
compressible definition of the boundary layer
displacement thickness in the streamwise
direction, &, is used as length scale. The "small"

disturbance components may be described by

harmonic fluctuations of the form

(u,v,w,p, T)=
v

A . (3)
Re[(u, W, P, T)(Z) .expi(of +Bn - wt)]

where o and B are dimensionless real
wavenumbers in £ and 17 directions, respectively,
and w = o, + iwjis a dimensionless complex
frequency. Therefore, the disturbances are
allowed to propagate in space along the direction
defined by v = tg "1(B/a), at constant amplitude,
and in time with varying amplitude at a rate wj, fora

frequency w,. After substituting the expressions

given above into the Navier - Stokes equations,
subtracting out the basic flow terms, linearizing with
respect to "small" perturbations and neglecting
terms of 0(Re-2), the equations governing the
disturbance behavior are written as

p=1miE-T (@)
TT

(mps + i) U+ (muz + iB) V +

M3 + Mz -éﬁ)w+gﬂ+ (5)
T dz dz

[m21U + M2V +i{ow + Pv - (n)](yMga-%) =0

j_:[i(ouTar BV - ) 0 +wdU +(Qv +0v) mag +
T . dz
UwWmis - 2Wm21] + YMgg-—I—) (Gvmz - VPmgy ) =
TT

-Auﬁ(1i)'dﬂ- )

ioap + +{1 + &)} ofv

P Re {dz2 pit dz P )
(2 +l—) o0 - U +éd—E{(—u+iaW)ﬂ+
m igriidz dz

dudT , & T}éﬁﬁ’fi

dzdz dz?2 | pgidz dz

—l—[i(ouTJr BV - )V +wdv +(Vﬁ+oﬁ) Mp1 +
T dz

VWMR3 - ZUamw] + (yM 2. —I—) (Vumg; - tPmi2) =
T

o~ o~

) iB z—w-aﬁﬁ\)- 7)
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[i(al7+ BV - ©) W + 200M+3 - 2WMmag) -

_1_:
T
( zp T)(Um13+vmza)"-c—’9~+
TP dz

P A R

(o +B)w+1du[2+ )dTQ—+
HdT p/dz dz

cxdu T+ |BdV T+7" dT (iodr + ti)]}
dz u dz

l—{l(aﬁ} BV - w) T+ dﬂ
T dz
(v- 1) M2[i(oli + BV - ) P =
B [- on2+[32)T+dz:F +ld—E(Tﬁ+
PrRe dz? pg7\ dZ?
2gidT) l_qif_(gi)z? .
dz dz/ ny7°'‘dz (9)

The boundary conditions to apply require that the
disturbance amplitudes (&, ¥, w, p, ) decay to zero
at the wall surface and when approaching the edge
of the boundary layer. In the above disturbance
equations, Re, Prand M, denote, respectively, the
Reynoids, Prandtl and local Mach numbers.
Further, p, 4 and y are properties of the fluid,
standing for density, viscosity and adiabatic
coefficients, respectively. The terms of 0(Re )
have shown to produce only a mild influence in the
final results (less than 1% variations), for the
present study. This has been thoroughly
investigated by comparisons with calculutions in
which these terms were retained. Collier and
Malik'® have reported similar findings and the
equations derived in their work agree well with Eqs.
{4) - (9) presented here.

valur m

The mijjcoefficients appearing in Eq. (5) and in the
set of Egs. (6) -
These terms allow to account for the curvature

(8) denote the curvature terms.

effects in the subsequent linear stability analysis
based on Eqgs. (4) - (9) coupled with the
appropriate boundary conditions. The coefficients
myo and mpy are flow - dependent and they
represent the tangential curvature of the
On the other hand, the

coefficients my3 and mp3 express -the surface

coordinate lines.

curvature of the body. In order to formulate the
expressions for the curvature terms, we shall
consider the & - lines in Fig. 1 as the external
streamlines, additionally introducing the 7 - lines as
being perpendicular to the former ones

everywhere. Accordingly, we define

Mi2=8 kg-é- %Q‘lcos o, (10)
X

m21=8'kn=§'—=-8'9-qlsin¢. (11)
n dx

Thus, we are assuming that the wave fronts of
crossflow waves (w = 90°) display the same local
curvature as the inviscid streamlines. The above
formulation is consistent as long as the
propagation direction remains close to 90°.
Concerning the surface curvatures, these are
obtained from the principal normal curvatures
defining the curved contour of the profile shown in
Fig. 1, ky and k. These values may be calculated
in the frame of the -onical coordinates considered
in the method of Kaups and Cebeci.'® Then, as
the second normal curvature is taken to be zero for
the present problem, the dimensionless curvature
terms may be obtained in the rotated coordinate

system as
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M3 =8 kycos?¢ , (12)
Maa = & kysin®¢ . (13)
Meth f Solution

The method adopted for solving the linear stability
equations was an existing compressible stability
analysis computer code known as COSALX, ™ an
updated version of COSAL.("® This procedure
proved to be adequate as only minor changes to
the original algorithm were required in order to
perform the calculations described herein. It
should still be mentioned that the code includes
both global and local procedures for solving the
resulting temporal eigenvalue problem. The local
search for the eigenvalue @ is performed by
inverting a block - tridiagonal system of equations,
using a fully pivoted LU factorization, as the stability
equations are discretized by means of a matrix
finite - differences method. Once the amplification
rate w;is computed, an N - factor for transition

correlation purposes may be defined as

St

N=t 9@ gs, (14)
. Re(vq)

where the integration path s is the arc length on
the body surface along the curve that is
everywhere tangent to the direction defined by the
real part of the group - velocity vector,
Re (Vgy) = Re (dw/da, dw/dp).

The N - factor defined by {14) may be obtained
following several different strategies for the
integration procedure. However, it is rather
unphysical to integrate the amplification rates
corresponding to disturbances for which the

‘frequency changes along the integration path. For

this reason, the three N - factor integration
strategies considered here impose that the
disturbances must be always periodic in time. The
procedure for each strategy is described in the
next paragraphs.

Maximum amplification rate. The method searches
for the most amplified mode with constant
frequency at each boundary layer station. Initial
values for the wave orientation and wavelength
must be prescribed so that an unstable mode
(w;j > 0) may be found at the starting station. In this
case, a process for the estimation of an (a, p) pair
corresponding to a disturbance exhibiting the
maximum amplification rate and the desired
frequency begins. The optimization is performed
based on the computed group - velocity vectors.
When the optimization loop is completed, the
amplification rate is integrated to obtain the

associated N - factor.

Fixed frequency/fixed wavelength. A disturbance

of constant wavelength and frequency is followed
cdownstream. Given a value for the wavelength and
for the initial wave orientation, the method
searches for an unstable mode at the starting
siation. Once that an unstable mode has been
found, the code iterates (by changing the wave
orientation) until the desired frequency is attained.
1f one mode exhibiting the imposed frequency and
wavelength can be found, it is followed

downstream and the N - factor is computed.

Fixed frequency/fixed orientation. A disturbance
with specified frequency and orientation is
followed downstream. The method searches for an
unstable mode at the starting station, based on the
prescribed frequency and initial wavelength. When

an adequate unstable mode is found, the iteration
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procedure to adjust the frequency of the
disturbance begins (allowing the wavelength to
change). If convergence is achieved, the integral
(14) is evaluated and the process continues at next
station, using the previously computed value of
the wavelength to start with.

Resulls

To investigate the performance of the various
N - factor integration strategies, including the
effects of curvature, the flow around the
HQ26/14.82 wing section''” is considered. The
problem formulation also accounts for the three-
dimensionality and compressibility of the flow.
However, the selected test cases are weekly
compressible, but strong crossflow is present due
to large sweep angles. The main reason why we
have chosen the above mentioned geometry was
the fact that the profile displays high curvature in
the upper side, while in the lower side the
curvature is low, as sketched in Fig. 1. Therefore, it
seemed the perfect scenario to test a procedure
which includes curvature effects in the analysis.
Three distinct flow conditions were studied: two of
these corresponding to flow over the upper side
and one to flow over the lower side. The relevant
parameters are indicated in Tab. 1, where Agyy,
Rec, Moo and a denote, respectively, the effective
sweep angle, the chord based Reynolds number,
the Mach number of the undisturbed flow and the
angle of attack of the profile.

Table 1 Description of the test cases.
Rec. Sif‘f_ Actt ©) Re, Mo | 0 (9
VN223 | UPPER | 44.93 |4.02E6] 0.20 | 0.02
VN464 | UPPER | 45.00 |4.48E6] 0.23 | 0.52
VN638 | LOWER | 44.30 |4.40E6]| 0.23 | 6.59

As mentioned in the previous section, the basic
flow was computed using the Kaups - Cebeci
method, from the measured pressure - coefficient
distii'ibutions for each of the described flow
conditions.

The linear stability analysis was conducted for
stationary disturbances as these have been
identified to play the dominant role in the transition
process for the test cases under consideration.!"”
in order to assess the possible improvements
obtained by taking into account the effects of
curvature, N - factors have been computed
following the three strategies described in the
previous section, for three situations: without any
curvature terms; with surface curvature terms only;
and with both surface and streamline curvature
terms. These correspond to the three curves
displayed in each plot presented later in this paper.
As the transition locations were also available‘'”
through an infrared imaging techrique, it was
possible to establish a correlation for the N - factor
value at the transition location. The aim of this
procedure was to determine a strategy for the
evaluation of N - factors yielding an approximately
constant value for the occurrence of transition
under different flow conditions.

The results obtained using the maximum
amplification rate strategy (the so - called envelope
method) are shown in Figs. 2, 3 and 4, for the
records VN223, VN464 and VN&38, respectively.
As expected, this strategy produced the largest
values of the N - factors, independently of taking
into account the curvature effects. Reporting to
the N - factors at transition location for each case, it
can be seen that clearly larger values are obtained
for the upper side cases, about 10 - 11, while a
value of about 6 was computed for the lower side

case. The inclusion of surface curvature terms in
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Fig. 3 Evolution of N - factors for VN464,
calculated using the envelope method.

the analysis has strongly reduced the N - factors,
but a smaller value was still obtained for the lower
side flow. Similar results were found when the
streamline curvature terms were also included.
However, for the record VN223, the stabilizing
effect was so strong that no significant N - factor
could be computed at the transition location. The

summary of these calculations is shownin Tab. 2.
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Fig. 4 Evolution of N - factors for VN638,
calculated using the envelope method.

in this table the values between parenthesis
indicate the location (in percentage of ctiord) of the
stable region that has been encountered (if it was
the case) before reaching the experimental
transiticn point at 34%, 27% and 19% ci chord for
VN223, VN464 and VN638, respectively.

Table 2 N - factors at transition location
computed using the maximum
amplification rate strategy

Rec. | No Curv J Surf Curv | All Curv
VN223110.65 4.43 (27.0) -
VN464 | 9.59 444 (268) | 4.30(26.8)
VN638 | 6.38 3.70 2.85

*The evolution of the N - factors computed following
the fixed frequency/fixed wavelength strategy is
shown in Figs. 5,6 and 7, for the records VN223,
VN464 and VN638, respectively. Each of the
presented curves corresponds, in fact, to an
envelope of five curves covering the range of
wavelengths (non - dimensionalized by the profile
chord) of 0.0020 to 0.0036 for the upper side
records and of 0.0024 to 0.0040 for the lower side
one. The computed values for the N -factor at

1099



15.0 : : : :
5 E - No Curvature
i E - — - Surface Curvature
H IR All Curvatures
100 --oooeed R R s S
- : : : |
[S) i ; t 1
© ' ; i :
i | : : !
z ! ! i f
! i E !
5.0 po----ees A Ammmmmees prooemsoes e
} il ] 1
t : o= e L—_—_—_‘.‘ :
' S :
PRt : :
& : : :
: i i |
E : : !
0.0 : ! ! H
0.0 0.1 0.2 0.3 0.4 0.5
x/c
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calculated using the fixed frequency
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Fig. 6 Evolution of N - factors for VN464,
calculated using the fixed frequency
and fixed wavelength strategy.

transition location using the present strategy are
summarized in Tab. 3. Once again, if the curvature
effects are not considered, there is a large
difference between the values corresponding to
the upper side cases, ranging from 8 to 9, and the
value obtained for the lower side case, about 6.

These values are in perfect agreement with the
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Fig. 7 Evolution of N - factors for VN638,
calculated using the fixed frequency
and fixed wavelength strategy.

computations of Seitz!'” (also shown in Tab. 3) as
expected. However, including the surface
curvature terms in the analysis produces an almost
constant value for the N - factor at transition
location, varying only from 3.5 to 3.8. If the
computations are performed with all curvature
effects , the results are somehow inconclusive, but
it remains clear that the effect of streamline
curvature is much less significant (only 3% to 25%
of total reduction) than that associated to the

geometric curvature of the profile.

Table 3 N -factors at transition location
computed using the fixed frequency
and fixed wavelength strategy

Rec. | No Curv | Surf Curv [All Curv | (17)
VN22319.24 3.81 3.67 9.03
VN464 | 8.36 3.64:268) | 3.54(26.8)]18.33
VN638 | 5.77 3.47 2.7 5.81

Finally, the results of the N - factor evaluation along
the profile employing the fixed frequency/fixed
orientation strategy are portrayed in Figs. 8, 9 and

10. Again, each curve corresponds to the
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Fig. 9 Evolution of N - factors for VN464,
calculated using the fixed frequency
and fixed orientation strategy.

envelope curve of five analyzed disturbances,
characterized by differant orientations.
Propagation directions close to pure crossfiow
direction were selected, ranging from 85° to 87°
for VN223 and VN464, but only from 86° to 87° in
the case of VN638, which seemed to display a

narrower band of amplified disturbances. With
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Fig. 10 Evolution of N - factors for VNG38,
calculated using the fixed frequency
and fixed orientation strategy.

regard to the N - factor values at transition location,
presented in Tab. 4, we can see that, in
contradistinction to.the former strategies, the
present N - factor integration strategy yields values
which are approximately constant, varying from 6.3
to 6.8, even without taking into account any
curvature effects. The inclusion of surface
curvature terms in the analysis led to inconclusive
results, although the general trend of strong
stabilization has been, once again, verified.
Nevertheless, if we deem to consider all the
curvature effects, a constant N - factor value is
obtained at the transition location, by following
disturbances with fixed orientation, Ny = 2.7.

Table 4 N -factors at transition location
computed using the fixed frequency
and fixed orientation strategy

Rec. | No Curv | Surf Curv | Ali Curv
VN223 | 6.43 (33.8) | 2.64 (19.4) | 2.64 (21.8)
VN464 § 6.84 2.60(186) | 2.62(206)
VNG38 § 6.33 3.63 2.72

1101



nclusion

The effects of curvature on the stability of three-
dimensional compressible boundary layers over
swept curved surfaces, using several N - factor
integration strategies, have been studied. The
employed strategies were: maximum amplification
rate, fixed wavelength and fixed orientation of
disturbances also characterized by a fixed
frequency. For the stated purpose, the stability
equations governing the amplification of "small"
disturbances were implemented in the COSALX
algorithm. The integrated N - factors were
correlated with the transition location, as this data
was available from reported experiments. The
inclusion of curvature terms has proved to produce
strong stabilizing effects, independently ot the
integration strategy that has been selected. As a
~consequence, the computed N - factors at the
transition location were quite smali and the
question arises whether this strong stabilization of
the flow is physically realistic or not.

The strategy which follows disturbances with
constant frequency and wavelength indicated an
approximately constant N - factor value for
transition, about 3.6, when the surface curvature
effects were considered. For disturbances with
fixed frequency and orientation, an excellent
correlation for transition was obtained, with N~ 2.7,
particularly when all the curvature effects were
taken into account. Even for the maximum
amplification rate strategy, the inclusion of
curvature e‘fects has proved to constitute a
significant improvement if one aims to establich an
universal correlation for transition prediction based
on the eN - method.
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