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Abstract

In this generalized proportional navigation, the commanded acceler-
ation is applied in a direction with a bias angle to the normal direction of
line-of-sight and its magnitude is proportional to the product of closing
speed and line-of-sight rate between interceptor and its target. Some
solutions of generalized proportional navigation were obtained before
under the assumption that the magnitude of commanded acceleration
is proportional to the line-of-sight rate only. Now in this article, the ex-
act and complete closed-form solutions are derived under this modified
guidance scheme for both maneuvering and nonmaneuvering targets.
Some related important characteristics, such as capture capability and
energy cost, are investigated and discussed. The variation of bias angle
will induce the change of capture area and energy cost required. Also, a
typical example of target maneuver is introduced to describe the effect of
target maneuver easily. It shows that the target maneuver will decrease
the capture area and increase the energv cost for effective intercept of

target.

I. Introduction

The proportional navigation has been widely used as the guidance
scheme in homing phase of flight for most missile systems. In pure pro-
portional navigation {(PPN), the commanded acceleration is applied in
the direction normal to pursuer’s velocity, and its magnitude is propor-
tional to the angular rate of line-of-sight (LOS) between pursuer and its
target [1.2,3,4]. In traditional true proportional navigation (TPN), the
commanded acceleration is applied in a direction normal to the LOS,
and its magnitude is proportional to the LOS rate {5,6]. Then a modified
TPN was submitted, in which the commanded acceleration is applied
in the normal direction of LOS and its magnitude is proportional to
the product of LOS rate and closing speed between pursuer and target
[7.8.9]. Furthermore, generalized proportional navigation (GPN) and
ideal proportional navigation (IPN) were presented recently, in which
the commanded acceleration is applied in a direction with a fixed bias
angle to the normal direction of LOS and normal to the relative velocity
between pursuer and target respectively [10,11,12,13].

In conventional GPN, some solutions were obtained before under
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the assumption that the magnitude of the commanded acceleration is
proportional to LOS rate only {10,11,12]. Now in this article, we try to
derive an exact and complete closed-form solution of a modified GPN for
both maneuvering and nonmaneuvering targets, in which the magnitude
of commanded acceleration is regulated proportional to the product of
LOS rate and closing speed. It can be solved as a function of deflection
angle of LOS, in general. Some important and significant characteristics
related to the system performance, such as capture capability and energy

cost, are investigated and discussed in detail.

11. Solution for a nonmaneuvering target

Consider a pursuer of speed Vis is pursuing a non-maneuvering
target with speed V7 in exoatmospheric flight under the guidance law
of GPN. The commanded acceleration is given in a direction with a bias
angle B to the normal direction of LOS and its magnitude is proportional

to the product of closing speed and LOS rate, i.e.,
o= Arb(cos fEy +5in € )

=X g+ A\ Er) (1)

Here A is the effective proportional navigation constant, 7 is the range
rate and 8 is the LOS rate between pursuer and target. And the relative

motion can be described in a polar coordinate system as (see Fig. 1)
p— = 37 —_— e
T =Vy—-Vr=ve,+vsey
=i e, + 10,
Then the equations of relative motion are
vh=vg + Aty (2a)
vy = —ve + Agr (2b)

Where primes denote differantiation with respect to §. Thus the solu-

tions can be obtained as

Bl 1 319 B2 l 329
S - + e
v =l =5, Y B o Byl 5=5 @ —Eac
(30)
B, Mo=DA, ps . B (Re=DA g,
vy = vao{[-Bl ~5 1T 5 -5, le?" + [B1 ~ 5~ B -5, le®?"}
{3b)

1349



Here v, and v, are the initial conditions of v, and vy Tespectively. A

is a constant (= Z—;ﬁ), and By, B, can be derived as a function of ), and
(]

Ag
Ar + \//\Z +4(Ag = 1)
2
_AsinB & /Asin? 8+ 4(Acos - 1)
- 2
Then the final deflection angle of 8 till intercept can be derived from
the final condition vg(8) = 0 as
1 By — (A —~1)A
1
Bi-B; "By-(h—1)A )

BlsB2

O =

Here a positive 8 is considered with A < 0. We find that the denomina-
tor and the numerator in Eq. (4) must be positive for effective intercept

of target, thus the capture criterion can be obtained as
Ag>1 (5(1)

and (Ag - 142~ 1
A > H———

where both constraints must be satisfied simultaneously for effective

(56)

intercept of target. It can be simplified to

A2+ 1

A> A(A cos 8 — sin ) (3¢)

When 8 is equal to zero, it has the same results as that of TPN [8].
And the cumulative velocity increment required can be obtained as

T 7] A
av = [addd = [ durds] = 1o (®)
o o Ae—1

which is related to the corresponding propellant mass required for ef-
fective intercept in exoatmospheric flight. It shows that the energy cost
is proportional to the component of relative velocity along the normal
direction of LOS and independent to the component of relative velocity
along LOS.

The relation between range r and LOS deflection angle # can be

derived as

® o
T = rpede ve

- —-B, (A =14, B4 By (Mg —1)A] g =

=il =5+ 5 -5, tl5-5 "B -5 "

= ro(—L )%=t ©
Vg

and the LOS rate @ can be obtained as

. v P P ol PR -
g = z = 00(—9 )’\8“1 E 00(——)’\5 2
r Vso o

, ~B, (Me = DA, o By (Ag = 1)A, gy de2
“90{[B1—Ba+31—-32]8x+[Bx‘“32~31—32}e }re=t
(8)

Thus & approaches zero when As > 2 and approaches infinity when
Ag < 2 during intercept period.

II1. Solution for a maneuvering target

For the case of maneuvering target, the equations of relative motion

can be written as
v, = v+ Aeve — fr(8) (9a)
'Ué = -, Ajty ~ fg(e) (9b)
where f.(8) and fy9(8) are corresponding to target maneuver in two

components of polar coordinate respectively, and are given as continuous

functions of 8. Then the general solutions of Egs. (9) are

B¢ _ ,Ba8 B Bxe_B‘ BL8
v,:rn‘fBl_eB2 +n ‘eBl__Bie + F.(6; - 8) (10a)
o __326319 + B16329 B8 _ o Bad _
vg = m—-———-—E-;-—_—E;—-— +n(Ag —1) b= B, + F5(0, — 6010b)
with
F(6-0)= [ (BB Ormtm2) _ B, Ba6r=5=2)] (g, — )
r\Yf - o B1 — 32 1 : 2 r\Vf
" B-B - F P00 = P £y - @)} de
0=0  Ng—1
Fa(0s - 6) ___/ {__B_?_:____[CBI(Q,—-%-Q) _ eBz(G,—&—a)]fr(ﬂf -a)
0 1 2
b gl BacB ) 4 BB (0, )}

Here 8 is the final deflection angle of LOS till intercept. Thus the
integration constant m and n can be computed from initial condition,

ie.,

m = Ugy — Fg(&,)
n = vy, — F ()

(11a)
(118)

Also the terminal constraint vg(fs) = 0 must be satisfied for effective
intercept, i.e.,

m(—BaeB1% 4 B1eBr) 4 n(Ng — 1)(eB101 — eB2¥r) = (12)

Then m,n and 6y can be solved from Egs. (11) and (12). And the
capture criterion can be obtained from the constraint v.(4f) < 0 for
effective intercept of target, i.e.,

m(eB‘G/ - eB’gf) + n(BleB‘ef - ByeBPry < (13)

in which the solution of m,n and 6; in Eqgs. (11) and {12) exist. It is
found that the induced total deflection angle #; for a maneuvering target
will be normally larger than that induced for a nonmaneuvering target
and the effective proportional navigation constant with a maneuvering
target must be selected larger than that required with a nonmaneuver-
ing target for effective intercept. From Eqs. (12) and (13), it can be
simplified to the results in Eqs. (5) for a nonmaneuvering target with
fr = foe = 0. And the total cumulative velocity increment required till
intercept can be expressed as

i

T 9 A g4
AV =/ lacjdt = g/ Avpdf] = =—lvs, ~ | f3(8)d8|
0 0 o1 3}
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e
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in which a7, is the component of target acceleration along the direction
normal to LOS. From Eq. (14), we find that the energy expenditure
is related 1o vg, and ar,. Thus effective target maneuver will usually
increase the energy cost required. The relation between range-to-go r

and LOS deflection angle § can be expressed as

9,
r= 7‘06‘[0 8

fe m(+B19 . B2a)pn(m F122 5B 4(B) ~By)Fr(8—a)
= rge o m(-9258\°+81532"')+n(a\9—1N531°-452°)+(31_52)p9(9f_,,) @
(15)
and the LOS rate can be also obtained as
. 'v
§==2
r
B8 B8 N(\o 1) B,¢ B [}
:9&- Brop; (—Bae™ " + Bie%) + o (€518 — By 4 Fy(g, - 9)

fa m(eBl"‘—eE'l")-{»n(B"Bl"‘-Ez’BZ"H»(Bl—Bg)F.—(Bl—a)
vo,€ 0 m(~ 32.31°+91¢52°)+n(x,,—1\(-31°_p32°)+(91—Eg)r,,(e,—u)

(16)

Now a special case of target maneuver is considered to illustrate
the system performance in detail. Let f, = c,v, and f3 = csu,, ie.,
target maneuvers in a fixed direction relative to LOS and its magnitude
is also proportional to the product of LOS rate and closing speed. Here
¢ = /cZ + ¢ is the factor of target maneuver. Thus the solution in this

case can be simply derived as

Bj 1 Bag B, 1
r = Ur + 3 - Bis
v =l g—p By Boal’ 5,=5 t B Bae )
(17a)
By {(Aj = DA, g By (A~ 1A
g = 1 - 3 - g Bye
o =i~ Bs =B, | (55, BB ¢}
(175)
with
ML A+ 42 - 1)
By, By =
2
Here M. = A, — ¢, , Ay = g — ¢s and the capture criterion can be
obtained as
9> 1 (18a)
and (x N
Ap— DA% -1
N>g 2 T ;
: g (185)
or o
At +1
A> o 3
A(Acos 3 —sin 3) e (13¢)

when target maneuvers in the same direction as that of the commanded
acceleration. Therefore, a larger A is required with a larger target ma-

neuver for effective intercept. And the cumulative velocity increment

/ la.|dt = [/ Av,db| = [Lgo (19)

Then a larger energy cost is induced with a larger target maneuver. The

required is

response of range-to-go and LOS rate can be written as

Hr

r = rgeto Vo

“By (M -DA g, By (A,-1D)A

=7 + 3 _ 1 B3 —1
ollg, =5t B, =5 My il A A

VRIS v
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and
Al -2 r
h="=4 o= )* T = o —)e?
T o
AL =2
_ a8 Qe =DA gy Bs (Mg~ 14, g3
=0l =gt BE ) tlEoE T BB
(21)
respectively. In this typical example, it shows that the LOS rate ap-

proaches zero when A} > 2 and approaches infinity when Ay < 2 during

intercept period.

IV. Discussion

In this modified GPN the commanded acceleration is regulated pro-
portional to the product of closing speed and LOS rate, therefore a com-
prehensible solution is obtained, which is more significant than those
obtained before. For the case of a nonmaneuvering target, A, must be
greater than M)Tf———l with Ayp > 1 for effective intercept of target,
which can be transformed to A > "IHTA:}-:[EE‘BT with A = cot ¢y, as
shown in Fig. 2. Successful intercept of the target is restricted to the
upper side of each curve representing the capture boundary of different
bias angles, in which {¢o + B[ and |@o| must be greater than % no matter
what the proportional navigation constant is. We find that from Eq. (8)
the value of Ay, which must be greater than one for effective intercept
of target, determines whether the LOS rate approaches zero or infinity
during intercept period. The final LOS rate approaches infinity with
Ag < 2 and approaches zero with Ag > 2. Thus the Ay must be chosen
to be greater than 2 due to the limitation of the commanded accelera-
tion in actual application. The solutions of vy and # can be derived as
a exponential function of range r, as shown in Eqs. (7) and (8). Thus a
similarity solution can be realized to describe the system performance
easily. The same solutions of TPN as derived before can be obtained
here from GPN with 3 = 0 [8].

capture capability but also the energy cost required for effective inter-

The bias angle affects not only the

cept of target, as depicted in Fig. 3. It shows that a higher energy cost
is required with a larger bias angle and TPN has the minimum energy
expenditure absolutely in this modified GPN. If the critical condition of

142 .
(ﬁ-%‘j——l-), then the solution

capture criterion is considered (i.e., A, =
for rendezvous guidance with proportional navigation can be derived
[14].

For the case of a maneuvering target, in general, a larger propor-
tional navigation constant is required for effective intercept of target and
a higher energy cost is induced during intercept course. It is simply il-
lustrated with a typical example as described in previous section. Thus
target maneuver decreases the capture area and increases the energy
cost required for effective intercept of target, as depicted in Fig. 4 and
Fig. 5 respectively. The energy cost is affected only by vy, and fp and is
not affected by f.. Thus it is more effective to maneuver in the direction

normal to LOS for both interceptor and target during intercept course.
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V. Conclusion

In this article, the exact and complete closed-form solutions of
the modified generalized proportional navigation with maneuvering and
nonmaneuvering targets are derived. Under this guidance scheme, the
magnitude of commanded acceleration is proportional to the product
of LOS rate and closing speed. which is different from those obtained
before. Also, some significant characteristics, such as capture capability
and energy cost, are investigated and discussed in detail under the effect
of bias of the commanded acceleration. Then in advance, a special case
of target maneuver is introduced to describe the effect of target maneu-
ver easily. The target maneuver will usually decrease the capture area
and increase the energy cost for effective intercept of target. Finally, we
find that true proportional navigation is not only a special case but also
the optimal solution of generalized proportional navigation, and that
the rendezvous guidance with proportional navigation is the critical so-

lution of generalized proportional navigation on the capture boundary.
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