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Abstract

In this lecture, a brief survey is
offered of the models of steady-state
and transient duties elaborated so far,
and also their scheme of algorhythms is
given. Then the mode of adaptation of the
models and jet-plants is dealt with, as
well as the experiences gained in the
course of adaptation. In addition, the
results of the tests carried out with
turbojet- and turbofan models under dif-
ferent conditions, as well as the con-
sequences derived from them are imparted.

Nomenclature

| serial number of compressor or
turbine

N number of rotors

m inlet mass-flow rate of the

compressor

air flow extracted from the

compressor and used for cool-

ing and in technological proc-

s esses

m inlet mass-flow rate of the

turbine

masses of air recirculated

into the gas flow for cooling

. the raotor and stator blades

me fuel-flow rate delivered into
the burner

m gas flow rate of the nozzle

n number of revolutions

static pressures of streams at
the entrance into mixing
chamber

powers available at one rotor
mechanical efficiency

compressor efficiency

turbine .efficiency

compressor inlet cross-sec-
tional area
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thrust

Ft

f fuel-to~-air ratio

q()\)j non-dimensional mass-flow rates
px stagnation pressure

™ stagnation temperature

s specific fuel consumption

Ft

-— specific thrust.

m

Set of equations for simulation

Mathematical models represent by them-
selves the description of jet-engines
motion and the processes taking place
within them by using equations. In the
equations, the conditions for the co-
~operations of the co-acting components,
on the one hand, and their properties and
characteristics are included, on the other
hand.

In final analysis, from thermal point
of view, the jet-engine can be character-
ized by conservation equations (conserva-
tion of energy and mass-rate) set up for
the components, as well as by establishirg
the equation describing the control sys-
tem.

In the case of known gas characteris-
tics prior to the entrance and given com-
ponent characteristics, the number of the
required equations is identical with the
number of components bringing about modi-
fications in the energy-flow. In case of
steady-state plant duties, this number is
equal to the sum of numbers of compressors
turbines, burners and rotors, while in
case of transient processes, in addition
to those enumerated above, other compo-
nents as e.g. storages subject to time-
-dependent modifications is their content
can be added.
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Steady~state duties

Equations for conservation of mass-
~rate ranging from the inlet cross-sec-
tion to the outlet from the nozzle (two-
~spool turbojet according to the arrange-
ment shown in Fig.l) are the following:

ubseripts of parameters

1 22 % -
TNEINEIG J
-

Nozzle
: Hp. rotor /
Lp rotor
Fig. 1 Arrangement scheme of two-
~spool turbojets
for compressors:
M ju=Mej ~Amg; =0 (j=1.N-1) (1)
for burner:
ch" rhf-rth=o (2)
for turbines:
r’nt‘“,""AfhrJ*ll-Amtj*AmsJ =° (J=1 N-1) (3)
for nozzle:
fyg+ Afpgm Mo =0 (4)

Equations for the conservation of energy
for each rotor:

RiMmi~Pci=AP =0 fi=1.. N} (5)
The above equations are completed with

those describing the rules of controlling’

(e.g. n = comstant, or T, = constant etc.)

to form the set of equations to be solved.

ny = const (6)
With a two-spool turbofan having a
mixing-chamber and a low pressure compres-

sor equipped with primary fan-stages
(Fig.2), in equations (1) and (3): j=2..
..N, while equations (2) and (4) trans-
formed into the following form:

Mepa * Me=myy =0

(7)

I'ht Z*An.'\rz‘ﬂ."n =0

(8)

and as an additional equation, the mixing
condition of flows will be added:

F}"Pﬂ’ 0 (9)

In this case, the rule of controlling will
be expressed by:

n3=const (10)
Subseripts of parameters
C/1,‘\ 12 \
C‘l 2.'1 22 31 32 33 36 23 24 E
BTG Gumer [uf[] 7 e
;Hp rotor /
Lp. rotor

Fig. 2 Arrangement scheme of two-
-spool turbofans

The temperature- and composition-de~
pendences of gas characteristics should be
taken into consideration as a function of
the requirements raised on the model.

The characteristics of the compressor
and turbine were determined in advance for
a shorter running-time to be ensured, and
they were built into the set of modelling
equations by means of section-wise quad-
ratic polynomials having coefficients de-
termined by cross-regression,

The ambient temperature and pressure
of the jet-plant are either given, or else
they can be determined in a simple way
with the knowledge of the flight speed and
flight height?,

The set of non-linear equations (l) -
(6), or (1), (3), (5), (7) - (10) with
real contents substituted intg them can
be solved by numerical method® selected
properly according to non-dimensional mass
flow-rates q(X ),, pressure ratios of
the turbines (ﬂ't ), number of revolutions
(n), and fuel—to-gir ratio (f) as unknown
quantities,

From viewpoint of computer technique,
it seems appropriate to take the relative
values (related to the take-off duty) of
the independent variables instead of usirg
their absolute values.

To solve the set of equations of this
kind, the Newton-Raphson method proved to
be effective because the initial values
of the solutions can be estimated with an
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accuracy required by this method, while
the convergence can become doubtful only
in case of an extremely wrong assumption
of initial values. The required partial
derivatives were replaced by the diffe-
rence quotients formed by increasing the
independent variable to its 1,001-fold
value. ’

The scheme of algorhythms for the
mathematical model of the steady-state
duties is illustrated in Fig.3.

ecording of the
ata of take-off
duty

i

Data of
lnnmlwdufy
1=

Printi
the results

Fig. 3 Scheme of algorhythms for
models of steady-state duties

Transient duties

The set of modelling equations will
be altered depending on the number and
character of the material(mass)- and
energy storages taken into consideration
during the transient processes of the
jet-engine.

The material- and energy storages can
be characterized by differential equati-
ons describing the modification of the
mass-flow-rate in the form:

>

pv

m,- r'hZ:g{-n—, where m= ——— (11)

or by those describing the modification
of the energy content in the form:
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(myT% - M,T7) cpdt = ¢y ( TAIm + md T (12)
Ti‘
my m my
e —_—
* *
T T,

Fig. 4 Parameters of mass-storages

The designations following those used in
Fig. 4 are:
m - mass of gas contained in the storage:
p*X -~ mean stagnation pressure of the sto-
rage: V - volume of the storage: T -mean
stagnation mass temperature: mjy, m2 -
mass-flow rates entering or leaving the
storage, resp.

The storing of kinetic energy can ta-
ke place within the units performing mo-
tion in the energy-flow. The most consi-
derable effect is exerted by the kinetic
energy storage-capacity of the rotors.

The motion equation of kinetic-energy
storages can be interpreted in the form:

dni _ Priflmi = Pci —AP
dt 420 nj

(13)

Here ei ~ inertial moment of the ith ro-

tor.

Inasmuch, the quasi-stationary char-
acter of the processes is assumed, and
from among the storages only the energy
accumulation yielded from the inertia of
rotors is taken into consideration, while
the energy accumulation of other stora-
ges as an insignificant one in comparism
to the formers is neglected, then the set
of equations describing the transient
processes coincidea with the set of equa-
tions modelling the steady-state duties,
with the exception of (6) or (10) and
the equations describing the rules of
controlling.

The unsteady-state heat-transfer
between the working fluid and the struc-
tural elements of the jet-engine in case
of free run out process is taken into
consideration by relationship:

+* >
% N T3"'T2
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Where TE,T% - stagnation temperatures lea-
ving the compressor and entering the tur-
bine respectively, ¢ - constant, t - time.

The neglections can be compensated in
the course of model adaptation.

Equations (13) should be substituted
instead of (5), or (8), respectively. The
rules of controlling are expressed by?*

n =

f(t) (14)

or in case of free run out process

f = 0. (15)
For solving the set of non-linear,
differential equations composed of equati-
ons (1) - (4), (13) and (14) or (15), or

else (1), (3), (5), (7) - (9), (13) and
(14) or (15) simulating the transient du-~
ties, according to our experiences, the
method both of Runge-Kutta and Euler can
be applied properly however the latter
can insue a satisfactory accuracy only

in the case of a step-interval shorter
than the 1/3-1/5 fraction of the time-
-comstant occuring in the set of equatiors
(AT<0,001 sec.). The Runge-Kutta method
of the fourth order serving for automatic
selection of the step-interval and appli-
ed here for the calculation of the free
running process (ranging from the idling
to the full shut down) of the jet-engine
required the smallest step-interval of

0,05 sec.
Data

Data off
fuke-off duty

gquufhoné N
O
S nethod

The final
steady state
gy

%qmtlons
unge Kutg

Newfon hso
methor

New
point of fime

Prinfing
the results

Fig. 5 Scheme of algorhythms for
models of transient duties

As a consequence of construction of
the set of equations, besides the Runge-
-Kutta method of the fourth order and
within it, the Newton- Raphson method
was applied for solving the set. of non-
-linear algebraic equqtions.

The scheme of algorhythms forthe math-

ematical model of the process is illus-
trated in Fig.5.

Adaptation of the mathematical model to
the simulated jet~engine

In the overwhelming majority of cases
the correction of the model, and the adap-
tation of the jet-engine constituting
the object of the model and the model it-
self are required. In this case, the adap
tation was carried out on the basis of
measurement results.

In the course of this adaptation, se-
veral internal elements of the mathemati-
cal model were altered in a way that its
complexity and build-up (its set of equa-
tions) remain unchanged however the solu-
tions.yielded by the model approximate
most the measurement results.

In a jet-engine, the elements to be
altered can be represented by different
loss-factors, efficiences, constants of
semi-empirical relationships, as well as
by other quantities chosenproperly. For
selecting them, the following fundamental
points should be taken into consideration:
- they should have the least reliagbility,
- they should exert a considerable influ-
ence on the value ot the measured charac-
teristics,

-~ they should have differing effects on
any of the measured characteristics,

- no interdependence can exist between
them _

- the number of the measured characteris-
tics and that of the constants to be va-
ried should be in accordance with each
other,

-~ the foreknown inaccuracies occuring in
the model should be compensated by the
selection, as far as possible.

Prior to the selection of the quanti-
ties to be varied, it is advisable to car-
ry out a previous examination for estab-
lishing the sensibility of parameters,
which points out what an influence the
factors to be altered exert on the value
of the mentioned characteristics.

As far as possible, a lot of parame-
ters should be measured for the jet-engi-
ne in different duties, and the model
should be calculated in the same duties.

The measured parameters have different
physical nature, and they were determined
by different methods and with different
accuracies. Therefore, the measurement re-
sults should be converted to the same
accuracy®, which with the exclusion of
correlation between the measurement er-
rors can be carried out on the basis of
relationship:

*
ﬁj=ﬁj\/;

(16)
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or by applying the weighting according to
duties, relationship:

*
Ri=Pjlei 9

can be used,
where: P.. - is the i

(17)

th parameter in jth
2.

duty, g, = 6, /6 - is the weight of meas-

urement for the it" duty, Here (7, is the

quadratic mean error of the ith

3

o
weight: gj

parameter,
is the quadratic mean error per unit

~ is the weight of the duty,

The difference between the converted
measured (p~) and the calculated para-
meters (P) should be taken the smallest
in all duties. This condition is satis-
fied by applying the method of least
squares. -

Relative value An = An/A of

n max
quantity A_ to be varied can always be

calculated as follows:
A =Aon+AAn

; (18)

Inasmuch differencies A A are suitably

small, then the functions of the jet-en-

gine parameters calculated in several du-
ties by using the mathematical model can

be expanded into Taylor's series accord-

ing to those differencies like this:

) (2P AR+(2Pi) AR
Ric =Py ET;L)OAA’*(“"L)O“Z*--- *

A
NN (19)
DA, /00
- P
where: P = 5 - is the relative parame-
nom

ter value as compared to the nominal duty:
subscript "c" indicates the calculated
value.

The deviation between the parameters
measured in the different duties and
those calculated on the basis of the
model is:

Pijc = Pijm = & (20)

Instead of the weighting of the mea-
sured parameter values, the weighting of
the deviations can be carried out, and as
a result of this, the weighted quadratic
sum of the deviations is:

2
s=1% (8 Vo 9;) (21)
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-k -
] 2 Bl \ai . (2PL) AR
s -1 pl(oxtarel g ame

. *(_'B_F:u__ )OAAn"( Pijo" Pijm) 9 9j -‘[2

A, (22)

The condition of fulfilling the minimum
is:

=0...)

3s s _
S 923 .o (23)

p -

n

and from this set of linear equations, un-
knowns A A}... A A, can be calculated,
and as a result of this, the new values

of the quantities to be varied can be de-
rived in the form:

CAn) 4= (A + (B A), (24)

where: k - is the serial number of app-
roximation.

Similarly, the adaptation of the mo-
del for transient processes can also be
performed with the exception that in this
case subscript "j" belongs to the point
of time of the measurement calculated
from the initial steady-state duty as a
different one.

As experiences show, the adaption can
be performed successfully if the number
of the factors to be varied as selected
according to the contitions is smaller
than the product of the number of the me-
asurement duties and that of the measured
parameters.

The scheme of algorhythms for the
adaptation of the models is shown in
Fig.6.

In Fig. 7, the convergence of the
adaptation process is illustrated in the
case of the combinations of the numbers
for different measured parameters and
duties.
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05— - N

X
Xog:

Relative root

X
Xpasic

Relative root

Fig. 7

=

095 N\

=)
1
.
=
s
-
=
-

k=3

Data
iabl
V“%?&é%”"e

Applicability of models in operation

The adapted model is suitable for the
examination of the processes taking place
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mination of the values of parameters not

to be measured. The analysis of the jet-

-engine behaviour can be implemented under
different simulated conditions to detect

the parameter- sensibility in steady-state

and transient duties. These examinations

show that the sensibility of the measured
or potentially measurable parameters of
the jet-engine varies with the single cha-
racteristics (efficiency, cross-sections,
losses stc.) (Fig.8).
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Fig. 8 Effect of 1 % reduction of com-
pressor characteristics exerted
on the parameters of two-spool
turbojet.

In the case of identical parameters
and characteristics, the sensibility
varies in different steady-state duties
(Fig.9), however it will be different
with the transient processes, too (Fig.
10).
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Fig. 9 Effect of 1 % reduction of hidh
~-pressure turbine efficiency
exerted on the parameters of
two-spool turbofan in different
duties
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Fig.l0 Effect of 1 % reduction of tur-
bine efficiencies exerted on
the parameters of two-spool
turbojet during free run-out
processes

These latter circumstances show that
if the determined conditions are fulfilled
in diagnostics there is a possibility of
measuring less parameters in more duties
instead of measuring more parameters in
a single duty, or obtaining more pieces
of information from less measurement
points.

Inasmuch, the undamaged model adapted
before is adapted again to the new measu-
rement results of the damaged jet-engine,
then the cause of the damage can be loca-
lized more accurately. In this case, the
factor characteristic of the damage should
be found beyond any doubt among the fac-
tors to be varied as selected on the ba-
sis of the conditions detailed above.
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