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The paper gives instructions for the
objective  verifying the aerodynamic data

On the basis of the physical analysis, basic
and simplified models of nondimensional
aerodynamic frequency transfers and related
nondimensional aerodynamic step admittances have
been derived. They comprise separated
quasi-stationary and nonstationary parts. The
analysis is useful for didactic purposes in
flight mechanics and aerodynamics. There was
further suggested an objective way for
verification of validity of aerodynamics models
used at the aeroplane design. It is based on
flight measurements on a real aeroplane. For
this purpose the 1loss functions of motion
equations for the short period mode of the
aeroplane longitudinal motion were arranged in a
special way. They were employed also for
verification of the significancy of different
components of aerodynamics models.

1. Introduction

In results of flight measurements carried
out with a A 145 light transport aeroplane at its
longitudinal motion which were described in [l],
some differencies have been stated in the range
of low airspeeds.

In [2] it was qualitatively shown by means
of spectrally weighted aerodynamic derivatives
that the reason of the differencies might be the

using of a non appropriate  model of
quasi-stationary aerodynamics in which the
effect of Strouhal number has not been
considered. The analogical conclusion was made

also in [5].

Therefore in [3] the author has dealt with
an estimation of nonstationary aerodynamics
parameters from flignt measurements. °'The basic
aerodynamic derivatives values were taken from
measurements at steady flights.

In the presented paper further simplified
models of nonstationary aerodynamics are derived
which are compared with quasi-stationary models.
The loss function is suggested for the both
motion equations describing the short-period
longitudinal motion of an aeroplane in the form
appropriate for the verification validity of
aerodynamic models which are given by tables of
values or by analytical expressions. This form
is also very convenient for the objective
verifying effects of different components of an
aerodynamic model from the flight mechanics
point of view.

The validity of aerodynamics models has been
verified in the frequency domain. Advantages and
disadvantages of this approach for parameters
estimation and for models identification when
using constant derivatives were discussed in [4].
When using nonstationary aerodynamics models in
the frequency domain, one must thus advance
carefully and employ an appropriately great
range of angular frequencies.
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employed at designing an aeroplane which is done
on the basis of results of flight measurements
carried out with a real aeroplane and it has a
didactic significance too.

2. Short-period logitudinal
motion equations

It is supposed that an unsteady motion of
a rigid aeroplane with a zero thrust has been
excited by an elevator deflection of a triangular
pulse form at a straight steady gliding flight
in the calm atmosphere. In the observed time
interval further the airspeed and state
quantities of the atmosphere are supposed to be
constant. Maximum values of the elevator
deflection are considered to be as small as the
controlled dynamic system of the aeroplane
motion may be treated to be linear. The
researched motion has two degrees of freedom and
therefore it 1is characterized by four state
quantities. For a given purpose it is sufficient
to consider two generalized coordinates: angle
of attack of the aeroplane and its rate of pitch.

The motion equations are related to the
air-path axis system and have the form of
deviation equations from an initial steady
flight condition. As the nonstationary
aerodynamics effects are studied, the forces and
moments in motion equations are divided into two
groups: those of the aerodynamic origin, - and
those of the other origin (as mass and inertial
forces). For this reason the aerodynamic forces
and moments are not divided into the control and
respongse ones and the equations are not given as
state equations.

If considering real
equations are of the form:

AC,Iap (1), A8 (1), An(t)t]=u Ty (e Cugdy-(t) (1)

ACr[Ap(t), 001 ).Ar(t);t]"bb'i}z't:» a8, @
and AB = (Uy (t)

time the motion

where A8 =Ar + Ao<

By the integral Fourier transformation and by

dividing them by AN, eq. (1) and (2) are
converted into the form:
AC, .. 1 AWy .
A . 3)
= (W) =(uTys =Cy) I (iw) +
n noo_
) ' - iw - 2% (iw)
- An
ACr . S22 @y (4)
—— (iw)| =MiyTy.iw: (iw)
R ;oA TX{

With respect to the assumption of constant
airspeed, the equations (3) and (4) are correct
beginning of the angular frequency values which
are substancially greater than those of anqular
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FIGURE 1 -SCHEME DIAGRAM OF ANGLES

frequency of the phugoid with
airspeed varying in time.

oscillations

3. Nonstationary aerodynamics models

3.1 Aerodynamic frequency transfer function

At deriving nonstationary aerodynamics
models for longitudinal motion of an aeroplane,
it is convenient to employ in terms of
generalized coordinates the quantities Aocx and AB

as this makes for physically instructive
exprassions, see fig. 1. At solving aeroelastic
problems the quantities Azgq andA® are used, for

which a transforming formula

Aocr =-Ap=AZg[V resp. (5)

Aoy == Ap =iw-Azg[V is valid.
The basic nonstationary aerodynamics model has
been derived in [3] on the basis of a physical
analysis, and it comprises components of
circulation and inertial origins.

Changes of lift coefficient AC A and pitching
moment coefficient ACy, which —are denoted
together by AC (K = A, m), in nonstationary
aerodynamics phenomena are functions of time
explicitely, and besides it also implicitely.

Aerodynamic coefficients changes may be there-

fore expressed by means of nondimensional aero-

dynamic step admittances at using convolutory

integrals itn" the forms*

ACy (t")= f Ac, 2T 1R (@ )dT (6)
. o K

t* . e
(T AT f A e,(t"-w: ) 07" dt
[ K.

T
where K = A, m.
As they are deviations with zero initial
conditions, the ACK(t') changes may be expressed
after tne Fourier transformation in the form:

2 3 Ko .
ACK""&"(t ")

iw) +FCK,“€(iw")-EJ< (iw™) +
. x AR X
+Fg.gliw)-A8(iw")

where K=A, m and wW's= w-T, [L1]
For to express aerodynamic nondimensional
frequency transfer functions, expressions form

[3] are employed. As a common reference point
for the wing and tailplanes; the gravity center

ACK(iw)=FCK_q( (7)

S of the aeroplane is considered, see fig. 2.
From the analysis, it follows an important
relation:

L% PN 2% R .
FCK.Q(IQJ )-FCK'“}‘SIMH W Fe 8¢ (iw™) (8)

* In [7] the term "indicial admittances" is used.
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FIGURE 2 - SGHEME DIAGRAM OF LENGTHS

When using (8) and the relation 5@*[&—02 = Ao ’
from (7) after dividing oy An (iw*) the tformula

for total  aerodynamic frequency transfer
function follows in tne form:

AT: . L - X A—._. . x

K [i0* ¢
E—(‘w) "FCK«Q(M )*FCK""r(".‘).g = (iw”) +
+ Fey. 0% (w: = (iw*) 9

where W'y = iwW*.0 = wWy. Ty [1].
The aerodynamic step admittance and the
aerodynamic frequency transfer function are

related one to the other by the important
formula:
Flag (9} =F (w1
CK'X Ck-X iw* (10}
2R
where K=A, m and x= 17 &, 0,
The frequency transfer functions for the

longitudinal motion for an aeroplane in (9)le§/'fl
and Foe.pn » may be determined by measurements” in
flight. "In (9) they represent the degree of
utilization of tne  aerodynamic  frequency
transfer functions Fg¢, . ., and Fe, g% at

tne given motion that was excited by An(iw®). An
example of their graphic representation is shown
on fig. 9 and 10.

3.1.1. Basic models

Aerodynamic frequency transfer functions FCK'x(iw”),

where K = A, m and X = 1 ,0¢, 0, may be
calculated by numerical methods on computing
machines or from analytical expressions which
make possible to study in a closed form the
effects of various physical parameters.
Analytical expressions are suggested in the form
in which aerodynamic derivatives of
quasi-stationary aerodynamics are brought
separately from normalized nondimensional
aerodynamic transfer functions Cp (iw*),Cyy (iw*)

and CoCH(iwx). The first two functions of the

Theodorsen type express phenomena of
nonstationary aerodynamics on the wing and
tailplanes and the third one then expresses the
interaction between the wing and tailplanes. A
survey of parameters of the aircraft geometry
and of aerodynamic derivatives of quasi-stationa-
ry aerodynamics is given in taple 1.

Analytical expressions are of the following
form:

a) for the lift coefficient:
FCA.Q(iw“)aum.(az/%)-CH(iw") 1y
Fopocy 1059 {apyCeliws ayelCyli® v

- (docu/dx).cxﬂ(iw")]}c+[iu)".KAo-‘x I, a2



FCA.éx ('(l)x) - [at.'g'cr(iwx) + aH3' CH (‘wx )lc *

LW Kag* 1; (13)
Kaoc™ = GpaKap + g Ky (14)
Kag® = - Gpg-Kup +9ug Ky (15)
b) for the pitching moment coefficient:
WX
Fem- ,l(w.)) m, 02/“1)'CH('“’ ) (16)
ch_ocr(lw)'s mH-CF(m)")*-mM-[CH(im") + (17)
~(docg [doc)- Coey ()}, * [ K zx 1
ch.é"(iw*)ﬂmwc (iwMem, - C, W], +
+ {Kme" viw -Km ™ ] (18)
Ko™ = MrgKup = Mg Kn (19)
Kmg* ==(m M Kir *Myg Koy ) (20)
Km‘s‘x = K e + Ku “x (Zla)
K:[n.g.x e (mrs KJ\.F +mH5' K.A.H) (Zlb)
Kmg* =~(mge+em, ) (21c)

The index c denotes the circulations components

determined by (11) to (13) and (16) to (18). It
can be simplified in two ways.
a) When taking into account the fig. 3, the

following approximations are possible:
Coc (W™= Cog o+ hyy = G  (i)-C, (i)

K P KA,H - KM (22a,b,c)
where X = F, H, L, LH represent various shapes
of 1lifting surface which is characterized

especially by the aspect ratio A .

b) The normalized frequency transfer function Cy¢
can be simplified for Ty 0 to a mere
transport lag of the trailing edge vortex
flowing downstreams from the trailing edge of
the wing. The transport lag is described by the
relations:

<) Cocq(iuf)-cos Wy ~isin Ty (23)
where Ty = §H_/V~‘T.'A resp. gH/VH'TA

p) C“q(iw") 21-iw Ty, (24)
where T\’:, = 'l:“: = FH/ Vi - Ta

Simplified transfer functions FCA'X (iw") :

and the index i denotes the inertial ones. The Fen (iw").CA. .Cx(iw") (25)
approximate expressions for C CH andC;(H A " 1 )
according to [3] are brought in the Appendix. Fo o (iw )-{[A,'Gm'(dona/doc)-qu(lw”)]'
Values of their parameters for the A 145 L' . C
aeroplane are given in tab. 9. °CX(IUJ )}C"[WJ Ay Ky x ]; (26)
N v P 4 . t 4 . K
3.1.2. Simplified models FCA.éx(lu) )x[Aa.Cx(;w )]C+['w'A4'KJ\x]L (27)
The starting point 1is the basic model
PARA- WING PARA- TAILPLANE
METER METER >
GEOMETRY  * |AERODYNAMICS™| GEOMETRY  X) | AERODYNAMICS *X)
2| ag 1 a = 3y /d0c | ay S agky =ky, 3Cx /Aoy,
o . %
- 92 1 a A2 Sy ly 9 Ky
LT % (0,75 ~%) g (7, +050)7 K
"l a - - ¥, +0,50)- a
— g LOF3 | *sngm P N 9H3 H K :2 1 KK
W ag, % - 0,50 a ay, Sy (Fy+0.25)-T) a, ky
Mgy iN;:S a My -ty SH ay kH
© | Mgy %¢ - 0.50 a My, |+ 0.25) Syl 1y, a; ky
= < » g (% T
ze Meq XNeS * (0.75—xs) a mys | - Ty SH(rH+ O,50)lH a, ky
W, - =
o= mFl. 0,25 a My +0,25 SHIH aq kH
= - 2 — s
3 Meg | Meg = (xS-O,SO) a mys mHS'SH'lH[er'ZS]' Iy a ky
%2
Meg | Mg = 17128 a Mus | s =S, Ty 11/ 128 a, ky
xp ' xx] A A ; A : A
Qi+ My; ay; My;: X=F, Hy i- 1,2,.8 Ay = Gy Gyl 1T mye = mi, mi (1]
Ay = g (9 [ a4) Uy Opyy-(doe g / dox) M = My 95 / ay) Mptgoc= My (docg /dox )
~ B o~ — o o~ — ~ o~ ~ R
lH-(H/(,lH-lHﬁH] rH.rH/l, rH=rH/lH[1] SH-SH/S [11 XS'XNFS‘XSN@ see Fig.2

TABLE 1 - PARAMETERS OF AERODYNAMIC FREQUENCY TRANSFERS
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where Ay= Qg+ 0y,
A= Gp3 * Q3 o Ay ==Cg* Oy,

Simplified transfer functions

Ay = Qgy +Qy, {28a,b)
{28¢,4)

Femex (i)
(29)

ch‘,l(iw") =Crn.n+Ci (iw™)

E

Cm'o‘r

(iuf) = {[m1-mm-(do<q/do<)-C“G(iwx)]-
i) li® my- Ky ]

i

C liw )= Clw) + 1 ¢ (),

hy (i) =hyp +ihy, )

F-WING{A=8), H- TAILPLANE (A=3}; L ~WING (A=oe)

10
Cr
0.9
(1]
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FIGURE 3 - NORMALIZED NONDIMEN-
SIONAL FREQUENGCY TRANSFERS
FOR LIFT AND DOWN-WASH ANGLE

(30)

ch'éx(iw")=[m3.cx(iw")]c* (~m, Kyx *
—iw*(mg K, y+my)]; (31)
where
My = Mg +# My, | My = Mg, + My,  (32a,b)
My = Mgy + Myy , M, = Mg, s My, (32c,d)
Mg = Meg + Myg , Mg =mg, + M, (32,5

vhen Cy (iw*)=1 and Ky x = 0 and when the
transfer function Cecq (iW*)is given by (23) or by
the more often used (34), then the models {25) to
(27) and (29) to (31), arranged in this way, repre-
sent the usual quasi-stationary models.

By using (24), one gets for the lift and pit-
ching moment coefficient: (K=A,m)

TnlW9=Cn . Foy. giw)=Cugt (3520
FCK‘“I"(‘“’ V=Cp ot 1WeCp * (36)

3.Z. Aerodynamic responses to step inputs

Rerodynamic step admittances can be derived
fram the aerodynamic frenquency transfer functiors,
which are given in chap. 3.1, by means of inverse
Fourier transfromation and of the realation (10):

AcK.x("')"M {(1/Lw‘)-FCK,X(iu)")} (37)
where K=A, m and X = N, %, *

In the ‘relations (11) to (13) and (16) to
(18), it is sufficient to replace the normalized
frequency transfer functions Cg (iw*), Cy (iw™)

and Cy (iw") by the normalized step admittances,

which are of the form:
a) Step admittances of the Wagner type:

k1(t“)c-—-?'1{(1/iwx)-c(iwx)}=1(t‘)—iZ"ci i
b) Step admittances of the Kissner type: -
kz(t“)afﬂ{ﬁ/iwx)-HH(iuJ*)}=1(t')*2:°hi-9:t W (39)

(38)

|y () =k [6) + kg, ()] Ky =T 8180, My - 4t = 11t]
F ~0,728543 [1]
H 0,958 471 (1]

FOR At = 0,01[s] - h; = <

Kie Kep F:A=6, H: A=3
n T REFFT T
08 l
Y H |1 hyysl
EATES
06 $ I FH >
’4 Q_..
041 i 23 74
Tw i /
0.2y ] 7/
1 A% %w-To,25) |
0  — t
0 2 4 6 8 10 12 14402 (s)

-STE G
AERODY NAMIC MODEL {i%ﬁS;TSATlgglRQY 0

F-WING; H-TAILPLANE; FH-INTERACTION

FIGURE 4 - NORMALIZED NONDIMENS -

ONAL STEP ADMITTANCES FOR LIFT
OF THE A 145 AEROPLANE



c) St_:ep admittances for the interaction
wirg-tailplanes:
-4 .o .
Kpylt)=F {(1/iw")-c,<u(xw)-hH(lw‘)]= (40

~{t2AT/TS e(tearY T
e 1 *K;.‘-e /Tn

=1(t"-A't")-(1+K;)'
where -
_ x
1‘(7‘ hTIETE), vy, ~Tho,25
For {'< At* there is k., = 0,
for £'®AT* there is ' 1>k, = 0.

d) In the frequency transfer functions (12),
§l3), (17) and (18), to the terms of the type
iW%Kgz s when K = 4, m and z = &’ §° 8", step
admittances correspond that are of the type:

~1 . .o *
7 {1/iwiwtk, ) =K, 810 (41)
where 0(t")=0 for t*= o and d(tV* 0 fort*=0 ,

LF_CA“(M) = Ve, od@) + 1, o)

UCA.tx Q-:-S\ CA-o<
5,1 ~ = 5,139
(1] T=c)” N
5,0 Secai
i
o? ™\
0 2 4 6 8 10 12 wlsh
v 0 i ] x,,=0,095
C, o<
A 02 )Vg_-_sl /ft'w=0'055
(1] s N B s
0
——
-0,2 ™~ E Cao® =
C; \
-0,4 I S L
N | dw A

ECA_Q*(M) - UCAQ*(w) + iVCAé*(w)

4,6 = =
UCA'G‘ \\Q )
4,5
1] I=g)
b4
i
0T Y
0 2 4 6 8 10 12 wis™h
0,2 L]
. "
Y, 6° . < |es
-0,2 ~. a
c >\ MZ_.
- 0'1, — I~ _—
COMPONENT: CIRCULATION - ¢ . INERTIAL -

FIGURE 5 - LIFT FREQUENCY TRANS-
FERS OF THE A145 AEROPLANE
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+~ e

Mf Jitdt*=1

In the case that h,(iw™) =1 and TW*=0 ,
the formulae (23) and (24) are transformed to:

keultd= 7 {fid)-e T f ettt (42)
ket E & ! {(1 /iu)")-(1-iw“'t7:,)] ="~ (") (43)

and at the same time

These two expressions serve as an example,
how a mathematically correct simplification of
(23) into (24) for small values W™y, modifies a

O% N
Ucm-O( cm"x'
-0,8 \ B s \=-0,777
_1 O .
(11 Z-c>\\ Z-cHi
41,2 AN
e 2 4 6 8 10 12 wisT
0 '\ ' Cm.a.(x-
-0.2 \\\\:\\ .9V (0)/@
(1] \\\ B o
TR I PN S 5
" o6 g w009
[s]
Fc e‘(|(d)=UCmé‘(W)+ !VC g‘(w)
0
-0,2 ‘.
(11 B
-0.4
C
-’/‘.o$ —\
Ve 8" e e
m 72 X
‘ Q.-S, Z
-74
0 2 4 6 8 10 12 wls™
. 0'['
Ve 6" £l L
0,2
(1] L1 gi
0 < ~— . e
\
0.2 ™~ .
~04 i/>\\\
- 6 N
0. <

FIGURE 6 - PITGHING MOMENT
FREQUENCY TRANSFERS
OF THE A 145 AEROPLANE



description of the physical substance of a
phenomenon. A step change with a transport lag
(42) is modified in the equation (43) formally
into a step change without a transport lag ard a
pulse, see fig. 7 B and 8 B.

3.3. Example for the A 145 aeroplane

For getting an idea on significancy of
various components of nonstationary
aerodynamics, some examples of aerodynamic
frequency transfer functions and aerodynamic
transient functions have been calculated.

Necessary data were taken from [2} and are given
in the appendix in tab. 6 to 10. In the examples
the dimensional arguments W= W/Ty and t=t*T,
are used. For these arguments, parameters 1n
normalized functions are given in tab. 8.

An idea about the share of the wing and
tailplanes in a lift and pitching moment of the
whole aeroplane inclusive of nonstationary
acrodynamics can be gained by means of tab. 9. A
surprising fact is the same share of the wing
and tailplanes in the case of Gf3 and Gpj
parameters of the circulation component of the
1ift in (13) for FCA,é" .

In the upper part” of fig. 3 the effect of

Aoy e DCA,“ (t) = Aoc=1(t)
7

(11 i - IMPULSE t=o0
51 a-s KN
Y I . i CA.0<‘5-139‘
5 . s 7o
— 11 ' !
4 /"(// ll | :
F !
TNl | N L
t
S ‘ Hc l I
1 e I
L f AW ol
0 ) I Y jl
2 4 ék\q 2 K0 (s]
-0, s . [
FHA O
-0,2
. 23 - é:-.
AC & AcAe(t) A 1(t) .
T Cp.=4.614
5 ~
1l Rtt-4—=d=
A PR N
/ i-|IMPULSE @~ $ N Zc t=oo
3 4
Fc
2 N

= \He

1

0

2 4 B 8. 10 12 14.107%(s]
FIGURE 7- NONDIMENSIONAL STEP
ADMITTANCES FOR LIFT OF THE
A 145 AEROPLANE : (SEE FIGURE 4)

A) NONSTATIONARY MODEL

the aspect ratio of the 1lifting surface is
shown. In the lower part of fig. 3, different

models for Ceocq (iW*) are illustrated. The

effect of hy(iwYon Cunlid) is relatively small
one, which fact is confirmed also in fig. 4.
Aerodynamic frequency transfer functions for
the 1lift and pitching moment coefficients are
shown in fig. 5 and 6. In the imaginary parts of
the both transfers the inclinations of the
curves tangents at the beginning are
proportional to the "dotted derivatives". In
the both transfers for the 1lift coefficient on
fig. 5, the opposite effect is seen of the
circulation and inertial components. In the
frequency transfers for the pitching moment
coefficient on fig. 6, the circulation and
inertial components in the imaginary parts for
the Ae< input are in the same direction while
for damping they are in the opposite directions.
In the figures 7 and 8, time histories of
the 1ift and pitching moment qoefficients after
a step change of A< and AB*are shown. The
inertial components effect appears by

ACm-o< L‘?‘Cm-tx(t)'—A“' 1(t)

1,0 I t=oo
as
Fec B
1] R SR g ¥ S ot
| — {FH I i ;
t
0 .
2 4 s‘l’ 8 10 12 1hx 10([51]
+ -, ‘ EX
LK —-QS\.._ Cm.ff_- —
-10 RS L} | |
e e | | !
~
N He [
.20 — = L—
i -IMPULSE
-3,0

— [Acm, g*(t) = 48"= 1(t)
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0 ¥ _rz 1
2 L N6 . 8 10 12 14«|10 [s]l
-9 \,_ | }
o
-4 b
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-6 &"I\ / —"‘Z_ Cm-é’” -7, 151,’
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i - IMPULSE \2.¢
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-
FIGURE 8 - NONDIMENSIONAL STEP
ADMITTANCES FOR PITGHING MOMENT
OF THE A 145 AEROPLANE:(SEE FIG.4)
A) NONSTATIONARY MODEL



LA_CA,‘x(t)-— Boc = A(t)
=k

k =1(H~

1 Kep = F (7o Cock liw)) 111
a) Cxpy=coswT,, -lsmw't‘w b) Cpuy = 1 - i WTy

kpp= 1t-7y ) kep= 4(t)- ¥, §(t)
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FIGURE 7 - CONTINUATION:
B} &-S MODELS

rectangjular pulses
pitching moment
having peen

L, 6 8x10%
{SEE FIG.4 )

in the time t

coefficient, after a pulse
appliad in the  stapilizing
direction, grows due to circulation component
from a  higher wvalue as 1s the value
corresponding to t = oo , and only after a
transport lag time AU = Atw - Tuo2
decreases exponentially to the value 'og the
quasi-stationary derivative.

A comparison of wvalues of aerodynamic
derivatives when using nonstationary and quasi-
-gtationary (Q-5) aerodynamics models 1is given
in tab. 2. Remarkable differencies are seen at
"dotted derivatives". They follow from different
substances of models.

Notions worth seeing follow from fig. 7 B
and 8 B, where step admittance of a quasi-
-stationary model are illustrated for 1lift and
pitching moment coefficients. In this case the
admittances do not embrace the pulses that
correspond to inertial components of nonsta-
tionary aerodynamics. From the comparison of the
cases a) and b) one can see that in the both
cases the matter are pulse changes in the same
direction but with different time bases at the
same surface of the pulses. A longer basis ad a)
is physically justified, a shorter basis ad b)

0. The

has not a physical Jjustification, but it
Fy.x dV/dw (0) Cy.x (0 Cy.x" 0y’
y | x c i Uyx(0) @-s | xx) |@-S
n |-0,00177 - 0,341 0,341 |-0,065| —
Cp [0<|-0,03831 |+0,03854/+5,139 |+5,138 |+0,008 |+0,615
6°]-0,06239 |+0,02352 +4,614 (+4,614 -0,691‘ -
n |*0.00591 - -1,138 [-1,138 |+0,216] —
Cm| o< |-0,08390 | -0,02292|-0,777 |-0,777 |~3,912 |-2,051
0%|+0,03497 |-0,05522|-7, 517 =764 |-0,762 | —
x) y=Am, x =11,o<.,éx XX)C+i —— dV/do.)(O)/’D’A

TABLE 2 - AERODYNAMIC DERIVATIVES
OF THE A145 AEROPLANE
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A

oclt) == doc = (1)

(1 ;
kep=F (o Coplio) 111
b)C“H=1- infw
key= 1) -ty J(t)

Cm

a) Gy py=coswTy -
kpy = 1(t-Ty,)

isinwT,,

2 4 6 8x10°(s] 2 4 6 8d0'ls]
8] T 0
i
g o O =
2 | N s B ;
| \E
-3 -3 =
(11 =
A -4 :E—
FIGURE 8 - CONTINUATION: (SEEFIG.4)

B) @-S MODELS

recomponses in some manner for the effect of a
missing inertial pulse.

4. Loss Functions £or the short-period
longitudinal aeroplane motion

A theoretical analysis of basic relations
was given in [3]. In the submitted paper, a loss
function Ffor the both equations of motion (3)
and (4) is proposed in a form suitable for
proving the validity of aerodynamic models which
are given by tables of values or by analytical

expressions. For a dimensional argument, the
loss function is defined by the relation:
K
2 . 2 .
Sk~ [epglwi) +e, (w))] (44)
j=2

J=
where £ = A, iy R is the real part and I denotes
the imaginary part.
Further there is:

ey liwy) = Ve (iwy)-Yyer Ciwy) (45)
where Y are the experimental frequency
transfers, determined by rignt bhand sides of
equations (3) and (4), and Ygy are the total

asrodynamic frequency transfers determined by
the equation (9).

As an example of utilization, the loss
functions for the A 145 aeroplane have been

calculated with parameters values from tab. 8
and 9. The results for & cases of Efregquency
transfers of lift and pitching moment

coefficients are given in tab. 3. For the lift
coefficient the least value Sp min = 1,97 % for
the case 3 without the inertial component. For
the pitching moment coefficient S min = 2,75 %
for the case 5 with the inertial component but
without the circulation one.

for the A 145 aeroplane loss functions for
simplified models of nonstationary aerodynamics
were further calculated by (25) to (32) and for
quasi-stationary aerodynamics models by (33) to
(36) with parameters values given in tab. 8 and
10. The results for 7 cases are seen in tab. 4
and 5. For the frequency transfer of the lift
coefficient in tab. 4, the least value Sa min
1,47 % for the cases 4 and 5 without the



inertial  component. The effect of the
approximate form Cocy and of the v values is
practically the same. For the frequency transfer
of the pitching moment coefficient in tab. 5,
the minimum values are Spymin = 1,87 % and 1,77
% for the case 4. Unlike at the 1lift
coefficient, the inertial component shows here
very favourably. Also the form CxH according to
(24) is more convenient then according to (23),
as well as the greater value of ¥, , especially
for the quasi-statio- nary aerodynamics wodel.

5. Concluding remarks

The longitudinal motion of a light transport
aeroplane is considered as a response to a pulse
form deflection of elevator at a slow straight
steady flight.

On the basis of a physical analysis, basic
and simplified models were proposed for
nondimensional aerodynamic frequency transfers.
They enclose the separated quasi-stationary and
nonstationary parts. The utilization of
aerodynamic frequency transfers in a model of

CASE

1 2 3 4 5 6

) {11[ o, 361 X X 0 0 0

F
®|1. tsloo3sez | x | x [0 |0 |0
%, (11} 0,283 | X X 0 0 0
CHc
T, [s1]001835 | x | X | 0 | 0 | O
T, Isljoo7sor | x |0 | x | 0 | X
7, (sl 0,065 | X | X | X | x | X

Coc H o, [11] 0,679 o lo | x| oo

T [s110,01775 0 0 X 0 0

025811000495 | 0 1 0 | X | 0 | O

the longitudinal aeroplane motion, hnhowever,
depends on the frequency transfers of aeroplane
ragponses on elevator deflections, see (3), (4)
and (9).

A solution in the frequency domain has
enabled by means of inverse Fourier transforma-
tion to derive from the aerodynamic frequency
transfer for the down-wash angle at tailplanes a
step admittance for the down-wash angle. If it
is simplified to a mere transport lag according
to (42), then it is possible to explain the
consequences of a mathematically correct
simplification of the expression for transport
lag to (43), which is usually used in the
quasi-stationary model. The step change with a
transport lag is formally modified to a step
change without a transport lag but with a pulse,
see fig. 7 8 and 8 B.

The calculated examples for the A 145
aeroplane have proved that the proposed
simplified. expressions for the nonstationary
aerodynamics model are applicable in a low
flight-velocity interval and thnat they are even
better then the quasi-stationary aerodynamics
model used generally till now. In frequency
transfers of the fift coefficient, the inertial
component effect is not significant, as being
diminished by the imaginary part of the
circulation origin. In frequency transfers of
the pitching moment coefficient this effect is
significant as the both components reinforce one
the other.

The paper gives instructions for objectively
quantitative checking of the correctness of aero~
dynamic data used by the aeroplane design, which
is based on the results of flight measurements
with a real aeroplane prototype. Besides it has
also a didactical importance.

Ky o< 10038537 | X | 0 | O | X | O
XX}

Ca TKy g(0.023522| X | 0 | 0 | x | O
F9)

Sy % | 2,53 |251(1,97 299339297
XX)

TAKmo‘c" -0,02292 X 0 0 X 0

K d* (11{~0,35283 | © 0 0 X 0

%)
TKpngx [-0.05522 | X | 0 | O | x | O

Sm % 5,47 563 34359 |2,75{563

X) XX)
(Sp)ax = 256,482 [11,(Sp)max = 19,069 (11 (1]

FOR OPTIMAL PARAMETER VALUES:

SAOpt." 2,58 %; Smopt.= 1,77% SEE [3],TAB.5

CASE
1 2 3 4 5 6 7
F(}\.nﬁ))o LH {A=oce) X) @-S
%, (11} 0,361 0,165 0 0
'l’1 [s110,03583 0,21772 0 0
°c2 {11 0 0,335 0 0
T2 [s] 0 0,03302 0 0
Ty [s] 0, 065 0,095 0,065 0,085
K}\ [1]1}0, 26681 025(025] O 0 0 0
CxH = C"‘u(iw) = cos WTy - isin W Ty

Sy % | 2,27 | 156 | 157 |1.47 | 147 |2,79 | 287

CocH 5Co<a““)= 1- i WTy
SA % 2,26 1,56 1,58 [1.48 | 1,48 | 2,78 | 2,85

TABLE 3-PARAMETER INFLUENGE ON

LOSS FUNGTION OF THE A 145 AEROPLA-

NE: NONSTATIONARY AERODYNAMIG
MODEL

X

SEE TABLE 8 (s = 19,069 [1]

A )mcxx

TABLE 4 - PARAMETER INFLUENCE ON

LOSS FUNGTION OF THE A145 AEROPLANE:
SIMPLIFIED LIFT AERODYNAMIC MODELS




CASE
1 2 3| 4 5 (6 7
x) X} X)
F(A=6)| H{A=3)}] LH{A=o0) Q-S

o, [11] 0351 | 0,283 0,165 0 0
T, [s1]0,03583 |0,01835 0,217 72 0 0
°c, 111} 0 0 0,335 0 0
T, Isli 0 0 0,03302 0| 0
1, [s] 0,065 0,095| 0,065 0,095

KA_ {110,266 81 10,35101 [0,25|0,25 | © 0 0

CocH = Coc liW] = cos wTy, - isinwTy

<q

Sm% | 244 246 |234|1,87 | 396341 (3,80
CocH = c“q(iw) =1 - iwT,

Sm% | 2,05 | 2,00 |233(177 |3,87|28|255

*)

SEE TABLE 8 (Sm Jmax = 254482 1]

TABLE 5~ PARAMETER INFLUENGE ON
LOSS FUNCTION OF THE A145 AEROPLANE:
SIMPLIFIED PITGHING MOMENT AERODY -
NAMIG MODELS
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6. Appendix: The A 145 aeroplane data

The used A 145 aeroplane data are taken over
frqm (1] and are given in tab. 6. The results of
flight measurements of aerodynamic coefficients
and derivatives from steady flights are given in
tab. 7.

Aerodynamic normalized nondimensional
transfer functions Cy and H, are according to
i3] given by relations:
iw’fox; %

—t e 4 - 46
TwxTg 'Y K (a6)

3 ]
Cx (1w =Gy Cyi= 1=) % x
i
where X =F, H, L, IH; F - wing, A = 63
H - tailplanes, A = 3 ; L - aeroplane, A =es;
LH - L after a recalculation to a);-wl“/vﬂ .

o X X
Cx iw” Tyh
Hyliw) = 1-Z°him (47
]
. SRk X
hyy (%) = Hy (iw") - " ' o8 (48)

where 'ﬂ_:‘o’25 = 0,25-TH/V—|;:

The normalized nondimensional transfer functjon
for the down-wash angle may be according to (f3J]
expressed approximately by:

. 1 -y
Ce g (iw)= Trot T v (49)
and ) ]
Coey i) = Ce (i) hyy (i0¥) (50)

The parameters values of the functions Cy .
C 'C&a for the A 145 aeroplane are seen from
tgb. 8.*  The parameters values from tab. 1 are
in the tab. 9 and for the simplified model in
tab. 10.

The frequency transfer functions of the
aeroplane responses F«’y-’z('“’) and g“’l (iw) from

flight measurements are also taken over from [1]

and are drawn on fig. 9 and 10. Their mean

standard deviations are: (SE)w " +0,1225 [s-1]
~20,0675[1] J

7. S 1s

(sg)x.,l

A, AF . Al_| Lift of aeroplane, wing or tailplane

respectively
q = aCA,-/é)ocF j Q4= eCA“/atxH ; Qg = aCAu/afz

Ay.x (t" Unit step admittance - response of
the y quantity to a unit step

change of the x quantity
Cy=Afas
Cm=M / q-S: pitching moment coefficient

Lift coefficient of aeroplane

E)C_y Aerodynamic derivative; y = A, m,

C - IAHi_X:“r“ ,9:11;6(",
y.X ax x, Q”I“F'“ﬂr'

Cw Drag coefficient

C{iw™ Aerodynamic normalized nondimensio-

nal transfer funcdtion of the

Theodorsen type

Normalized nondimensional transfer
. x function for the downwash angle

Cocn (W) = Coe Liw®)- hyy (iw™*)

Fy.x (iw*) = Uy.x {w™) &iVy.x(u)x)Frequency transfer
function of the response y on the
input x

. % . . Berodynamic = normalized nondimen-
Hiw", h(iw?) sional transfer functions of the

Sears type, related to the leading
edge or to 0,25 | respectively

= 2

Iy = VJy/ ml

k= /9

Coc gliw™)

Nondimensional moment of inertia
around the y - axis

x «. Normalized nondimensional 1lift step
ky(t%), k, (t*) admittances of the Wagner or Kiissner

type )
K A Coefficient of aerodynamic inertial
component
l Lenght of aerodynamic mean chord, [m]
m Aeroplane mass, [kg]
q =QV2/ 2 Kinetic pressure, [N/m ]
Ty see fig. 2, [m]

t‘-Vf/lct/’t’A Strouhal number in time domain

* PFor the wing the parameters for the aspect
ratio 6 were used, whereas the real wing is of
the aspect ratio 8.78.



Loss function, j = 2,..., Kk

S, s, Wing or tailplane area, [m]

V' True velocity of an aeroplane, [ n/s]
X, Xp ocy Ang_le of attack qf aeroplane, wing,
tailplane respectively
=<q Downwash angle-positive in opposite

sign of o<
Aoc(r,Acx.a "Path" or "attitude" change of angle
of attack
r Flight path inclination angle
e Aeroplane inclination angle
n Elevator angle
A Aspect ratio
(u, - 2m/QSl Aeroplane normalized mass
@ Air density, [kg/m>)
Ty = t/v Aerodynamic unit of time, [s]
w Circular frequency, !

W= Ww. ’E'A Strouhal number - reduced frequency
Denominations

x (iw™ Fourier transform of the x(t¥)

X = X[Xpes ; X =X-Ty ; X =d[dt; % =x/x(0)

m kg 1830 v |m/s 56,20
Tyl 0,859 Ho|m 1390
Xg 1 0,247 Q |kgm | 1070
JTR 12,96 Ty | s ]0,027306
TeuwTh| 1 3,08 | 1%, | s | 36622
Mg | 0,126 sng| | 0,503
s | 1 0,121 Eq | 1 2,373
1 m 1480 ly | m | 1030
b | m 12,25 by | m 3,39
A 8.78 Ayl 0 347
s | m' | 17,09 Sy| m | 33
r m 5,119 ™H m 4,940
3 m 3,770 37 m 3,512
[ 0,696 Ty | 0,726
Tl 3,338 Tl 4,796
Sy | 1 0194  |%s025 1 5,046
Syt | 0,646 |%,+0.5] 1 5,296

TABLE & -CHARACTERISTICS OF THE A 145
SMALL TWIN ENGINED AEROPLANE
AND OF STEADY FLIGHTS-REF.[2]
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(Comma denotes in the presented tables decimal

points.)

A% 1] Tr DT =T, 0s]
C- |6 |1 | 0,31 | 131233 | 0,035935
Ce |2 |1 | 0283 | 0925926 | 0,025283
Cy |3 |1 | 0283 | 0671828 | 0018345
0,185 | 10,989 011 0,300 066
CL |o°o| 2
0,335 | 1,666667 | 0,045510
0,165 | 7973341 | 0,217720
Clyioeo| 2
0,335 | 1,209290 | 0,033021
0,679 | 0,650156 | 0,017 753
Hy |3 ]2
0.227 | 0113371 | 0,003 09
x
hy | Tyozs™ 01813% (11 |Tyq 25=0,004953 [s]
X
. T= T, /% =27%7015111| T = 007501 [s]
oy =Ty /T = 2380629 | T, = 0,0650 [s]
Kye= 0,266 807 |[K,, = 0,351011 [1][K, =0,251]
AF AH Aoo

TABLE 8-~ PARAMETERS OF NORMA -

LIZED AERODYNAMIC FREQUENCY
TRANSFERS



DERIVATIVE | VALUE | COEFFICIENT | VALUE VALUE VALUE
a = 8C,/d0¢p | 4,735 Cag 0, 546 Ay |1 |+5.316043 m, |1 |-1.366492
ay = 3Chy/ dex, | 3.261 ky=a,/q | 0,920 A, 1 | +5,156 590 m, |1 |-2.678508
a / q 0,587 . 0.959 Ay |1 |+6.614493 my |1 |-7.164497
docg / doc | 0,304 Cwo 0.0302 A, |1 ]+2,71532 m, |1 [+ 28919
TABLE 7 - DATA FROM STEADY FLIGHT - - mg |1 [+5723 834
MEASUREMENTS OF A 145 AEROPLANE Ky |1]+0.25 mg |1 |+0.038653

VALUE VALUE
apq |1 [+4.735 ayge |1 |+0.581043
agy |1 |+4.735 ayy |1 |+ 0421590
agq | 1+2381705 | apyy |1 |+2,232788
Qg |1 |-1197956 | @y, |1 |+ 1543577
- - A1 |1 |+ 0.360878
- - Q1o |1 | +0,176 637

Ty Kagx|s | +0,038537 [Ty Kigx |s | +0,023522
Meq |1 |+0,572935 | my, |1 1-1,939427 -
Mgy |1 )-1,197 956 My, | 1| +1.480852 .
Meg |1 |+0,288186 myq | 1]-7452683
me, |1 ]+1,183 751 my, |1]+0.105398
Meg | 1]+0,303083 | my. | 1]+5,420751
mee |1 [+0,036992 myg | 1| *0.001663
mg *)| 1 1+0,038 653 | myy, |1 | -1.137 804

- - Miygee | 1| -0.58958

T Kmoe *| s |-0.022 92 Kmd* |1 | -0.352 83
mE><x) 2 1+0.072386 |TpK ¥ |5 | 0,055 22
Kyp |1 |+0.266 807 | Kypy |1 | +0.351 011

%} XX} 272

Mg = Mpg+Mpyg me= MUTy 1y

TABLE 9 - VALUES OF TABLE 1 PARA-

METERS OF THE A 145 AEROPLANE
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TABLE 10 - VALUES OF SIMPLIFIED
AERODYNAMIC MODEL PARAMETERS OF
THE A 145 AEROPLANE
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FIGURE 9 - FREQUENCY TRANSFERS
OF THE A145 AEROPLANE - &, /7 liw)s™
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FIGURE 10 - FREQUENCY TRANSFERS
OF THE A 145 AEROPLANE-Ax/q liw){1]




