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Abstract

Using the author's lifting surface
theory and investigations by Carlson and
Mack on two-dimensional airfoil sections,
spanwise distribution of the induced drag
or vortex drag of swept and delta wings
is calculated as a function of 1lift at
subsonic speeds. The influences of Mach
number, Reynolds number and wing para-
meters, e.g. local thickness to chord
ratio, location of maximum wing section
thickness as fraction of chord, 1local
leading-edge radius and leading-edge sweep
are taken into account. The discrepancies
of induced drag between potential flow cal-
culation and experiment can be reduced by
the new method. The applicability of the
method is demonstrated by comparison
between calculations and experiments of
the spanwise distribution of leading~edge
thrust and of induced drag.

I. Introduction

The objective of the present study is
to calculate the spanwise distribution of
the leading-edge-suction force of wings
with arbitrary planforms on the basis of
linear, subsonic thin wing theory (the
author's lifting-surface theory(1))and of
investigations by Carlson and Mack(2) on
two-dimensional profile sections which con-
tain the influence of Machnumber, Reynolds
number and geometric parameters like thick-
ness ratio, position of maximum thickness,
and leading-edge radius.

An accurate method. for calculating the
suction-force distribution of wings is
important for the following, purely aca-
demic reasons:

1. The spanwise distribution of thrust
which is the streamwise component of suc-
tion force is necessary to accurately com-
pute the spanwise distribution of induced
drag of swept wings.

2. The total thrust can be obtained
either by integrating the thrust distribu-
tion or by using the thrust component of
the total 1lift force and of the total in-
duced drag which can be calculated by
Munk's theory(3). The comparison of the
total thrust computed by these two dif~
ferent methods is a very sensitive indica-
tor of the numerical accuracy of a lifting-
surface theory since the thrust distribu-
tion depends on the distribution of the
spanwise loading to the second power. The
possibility of such an accuracy check was
previously noted by H. Multhopp(4).

The suction force stems from the low pres-
sures induced by the high velocities around
the leading edge of wings at subsonic

speeds. It also occurs at supersonic
speeds, if there is a subsonic leading
edge. The development of suction force is

of interest because it counteracts the drag
and permits high aerodynamic efficiency of
wings at lifting conditions. However, the
theoretically predicted full suction force
is very seldom achieved in real flow.
Therefore, the prediction of real suction
plays an important role in aircraft design
for the following reasons:

1. The calculation of suction force
distribution in real flow and thus the pre-
diction of realistic lift-dependent drag
is necessary for a reliable optimization
of the wing design point, for a reliable
prediction of range and for a reliable
estimate of the productivity of an air-
plane.

2. A knowledge of the spanwise leading-
edge thrust distribution improves the
designer's ability to prevent flow separa-
tion at the leading edge, since the
regions of high leading-edge-~suction force
are also the areas where leading-edge
flow separation would most likely occur.

3. Thin low-aspect ratio wings have
significant nonlinear 1lift and pitching
moment due to vortex flow near the wing-
leading edge. The difference between the
theoretically predicted and the actual suc-
tion force can be used as a basis to com-
pute nonlinear lift and pitching moment
according to the Polhamus(®) concept.

The findings and the accuracy of the
present method are demonstrated by calcu-
lating the loading, spanwise thrust, and
vortex~drag distribution of several wings.
The results are compared with experiments.

Integral Equation of Lifting-Surface
Theory for Calculating the Pressure
Distribution of Wings

II.

Lifting-surface theory(1) leads to the
following singular integral equation for
the unknown pressure distribution, ACP:
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This integral contains a strong singulari-
ty at n—n' and has to be defined by
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The wing geometry, the coordinate system
used, and the angle-of-attack distribution,
afp - 9z/3x are defined in Fig. 1. 1If
uncambered profiles are used, then o5 = 0
and 93z/3x = -@(n); the left side of eq. (1)
then contains only the geometric angle of
attack, ag(n) = ap + ©(n). If, in addition,
the wing has no twist, i.e., if ©(n) = O,
the left side of eq. (1) consists only of
the angle O = const.

The pressure distribution is represented
by a linear combination of spanwise and
chordwide pressure distribution functions
(pressure modes) :

N
) h (E) £ () . (3)
n=0

c(n)

Thus, the integration of eg. (1) in chord-
wise direction can be separated from the
integration in spanwise direction:

32z
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o [x-x1)? + y?]1/2
(4b)
where
X = [b/2cn")][E-E; ,(n")],
X' = [b/2c¢(n")] [E'-E; (n1] ,
Y = [bB/2c(n')] (n-n') . (5)

V)

~lift line

Fig. 1l: Coordinate System

Followin? the basic assumptions of
Multhopp(4) and Truckenbrodt(6), the
chordwise pressure modes h,(E) are pre-
scribed by utilizing the pressure distribu-
tion functions of two-dimensional thin-air-
foil theory (the arguments justifying this
assumption are discussed in Ref.7):

Tn(1—2X) + 'I‘n+

1(1—2X)]

h (X)) = 1-x [

!

1 -X
0,1,2,...,N . (6)

The functions Tp are Chebyshev polynomials
of the first kind with the argument 1-2X.

It has been shown that the spanwise pressure
modes

c,n) = [2b/c(nm)] £ (n) (7)

have a physical meaning when the pressure
distribution functions h,(E) of eq.(6) are
used. For instance, ¢o and cq are propor-
tional to the local 1lift and local pitching
moment, respectively:

c () = c;(n) and cy(Mm) = dep )

(8)

Since the chordwise pressure modes are pre-
scribed, the integration in chordwise di-
rection is reduced to the evaluation of
the so-called influence functions Hp (X,Y)
in eq. (4b), which now depend only on the
geometry of the wing planform and the Mach
number. Thus, the integral equation for
the unknown pressure distribution ACp(g,n)
given in eq. (1) is transformed into a sys-
tem of integral equations for the unknown
spanwise pressure modes fp(n), eq.(4a).
The solution of that system of integral
equations is explained in Ref.1. The un-
known functions are expressed as trigono-
metric interpolation polynomials

(9a)
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M
s (&) = 2 } sinu®_ sinu® (9b)
m M+7 Ho, sinub -,
u=1
and
® = arc cosn (9¢c)

The integration stations are defined in
such a manner that the function values
themselves, fpy = fn (Oy), instead of the
Fourier coefficients, appear as the un~
knowns. This amounts in fact to a linear
transformation of the integral equation.
The functions fpn are the values of the
spanwise pressure modes fn (n) at loca-
tions

n_= cos@m, ®m=

m nm/ (M+1) ,

m=1,2,...,M .

III. Calculation of Spanwise Distribu-~
tion of Induced Drag and Leading-
Edge-Suction Force

In order to calculate the spanwise
distribution of induced drag of swept wings,
one has to compute the spanwise distribu-
tion of lift and thrust, which is the com-
ponent of suction force in streamwise
direction. The spanwise distribution of
thrust has been derived in Ref. 1 for
planar wings. It can be shown that the
formula for the non-dimensional thrust
distribution (1)

ct(n)-c(n)
Tn) = —— =
2b

2 2 1/2
) b(1+B“cot Ale) {

e () - cotA

X 2
) £, (10)
le n=0

is also valid for wings of low camber. The
local thrust, 4T and the local normal
force, dN, act in the direction of the
local chord (X axis) and normal to it

(z axis), respectively. In the case of a
twisted wing, the coefficient of total
thrust is calculated in the x,y plane:

+1 .
T (n) cosan - Y (n)sine
C, = A f

dn .

-1 cos(aF+e)

(1

The coefficient of the total induced drag
can now be obtained by integrating the
thrust distribution:

z(n)
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+1
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(12)

The coefficient of total lift is:

+1 +1
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-1 -1
M
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The relations derived so far are only valid
within the limjtations of linear, subsonic
thin wing theory. This method provides an
estimate of the theoretical thrust only
which may or may not be attainable in the
real flow. Fortunately, a recent paper of
Carlson and Mack(2) describes an empirical
method for the estimation of attainable
thrust on the basis of theoretically pre-
dicted thrust. This method has been pro-
grammed as a subroutine in the existing
lifting~surface computer program of the
author (1). The set of equations for use

in prediction of attainable thrust according
to Ref.2 is summarized as follows:

The normal airfoil parameters (Fig.2)
must be computed as a function of stream-
wise airfoil parameters for a series of
spanwise wing stations. The normal flow
Mach number is defined as

M = (14)

n Mo, cOsSA

le

The ratio of the normal section chord to
the streamwise section chord is obtained
from

<, 28,
[(1-ED)tanAle+§DtanAte]+cosA

c SLnA1e 1e

(15)

The thickness~to-chord ratio of the normal
section is

d
_a
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n
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c

Y ey e (16)
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and the ratio of the leading-edge radius to
chord for the normal section is expressed
as

r

€n ¢ 2k cosZA
D le

The normal section thrust coefficient is
related to the streamwise section thrust
coefficient by

oy

]
Q
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The normal flow Reynolds number is

R -2 cosA . (19)
c

In addition, an effective limiting pres-
sure coefficient is defined as a function
of the local Mach number and Reynolds
number normal to the leading edge:

-2
C N = —
p,lim M 2
n
-6 0.05+0.35 (1-M_) 2
R -10 : : n
X[ — —
R 1078 + 100473

(20)

In contrast to that limiting pressure co-
efficient, the pressure coefficient of
thin wing theory has a square root singu-
larity at the leading edge. Thus, the
pressure coefficient may have values that
are far beyond vacuum and that can never
be obtained in real flow.

Furthermore, an effective local Mach
number is defined in Ref. 2:

Moo= :%Z {/1+u2 - 1]1/2 , (21a)
where
W=y /1-m_? , (21b)

CP:lim n

where y is the ratio of specific heats.
Finally, the ratio of the attainable
thrust, Cf, to the theoretical leading-
edge thrust, Ct+, is

* —
Kt = ¢ /ct =
2 0.4 0.6
_ 2(1—Me ) [6n(rn/cn) ]
M 2 '
e ct'n-coséle /1 Mn
(22)

but not greater than 1.0:

810 1s the deflection angle of the leading
edge of a cambered wing and is defined

tanéle = }im (3Z/3%) . (23)
X -0

In the case of an uncambered wing, 8j, is
equal to zero.

In regions of.the wing leading edge away
from the apex, away from the wing-body
juncture, and away from the wing tip, the
preceding expressions are believed to pro-
vide reasonable results on the basis of
the empirical two~dimensional investiga-
tions of Carlson and Mack (8). Wing-body
configurations can not be handled by the
author's lifting surface program. Near
the apex, thrust values of swept wings are
generally small and errors in the attain-
able levels should have a small influence
on the total thrust and induced drag. The
influence of three-dimensional flow near
the wing tip can only be investigated by
comparison with experiments.

On the basis of C%, the thrust coeffi-
cient in real flow, a nondimensional thrust
distribution can be defined:

*
(

- c,. (M) c(n)

t
2b

The coefficient of total thrust is now:
+1 _% .

T (n)COSaF ~ Y(n)sine
= A dn .

-1 cos (a+e)

(25)

The coefficient of total induced drag in
real flow can now be obtained by integrat-
ing the realistic thrust distribution:

+1
* - _t™m
CDi = A [ [Y (n) tan (G.F+€) m]dn.
-1
(26)

If the suction force is equal to zero, the
induced drag is calculated by

2 _
cDi/(CL—cL ) =

1/(dCL/da) (C., =0) .
o]

T
(27)

This case describes the maximum induced
drag in subsonic flow.

IV. Results

Since the prediction method of actual
spanwise distribution of induced drag is
based on two-dimensional flow considera-
tions, it should yield fairly accurate re-
sults for wings where the flow has mainly
almost two-dimensional character, e.g. high
aspect-ratio wings with little leading-
edge sweep. The question is how accurate
the prediction will be if the wing has a
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low aspect ratio and a large leading-edge
sweep, as in case of a delta wing. Carlson
and Mack(2) got good results when com-
paring the theoretical values of the total
axial force coefficient and of the total
drag coefficient with experiments. A more
severe test of the method will be given in
correlations with data of the spanwise
distribution of leading-edge thrust and of
the induced drag.

The spanwise distribution of the local
leading-edge suction force of a thin plane
delta wing was measured by Ridder(9),(10),
The planform of the wing has a leading-
edge sweep angle of 60 degrees, the wing
tip is cropped 10 per cent of the full tri-
angular semispan giving an aspect ratio of
1.889. The wing was made from a thin
plate of sheet metal and has a cylindrical
thickness distribution with constant sec-
tion normal to the leading edge. The
thickness distribution does only cover the
front of the local wing chord and is 26,5
per cent of the local chord at 55,56 per
cent of semispan in case of the first
period of experiments(%9). The airfoil sec-
tion is elliptical and is faired with plane
tangents to the flat plate rear end of the
wing. The leading edge of the port wing
panel is divided into 8 equal length ele-
ments to measure the local normal and tan-
gential force (9). According to
Ridder (10), the experiences gained with
the extremely delicate balance, with the
associated sealing problems and "base"
pressure correction in Ref. 9 led to a
simpler and more robust method to measure
the local suction force by means of the
pressure from a single pressure tap at
about 35 rectangular panels at the leading
edge (10), However, the latter method is
restricted to low angles of attack for
which attached leading edge flow is main-
tained.

In Fig. 3, the local thrust factors Ky
versus span are shown for several angles
of attack. Up to an angle of four degrees,
K+ is equal to 1, i.e., there is full
thrust. Ridder(0) made the same observa-
tion. At higher angles of attack, full
thrust is no longer obtained as shown by
the distribution of Ky. Towards the tip
of the wing, K, approaches 1 again and
stems from the two-dimensional flow con-
siderations of Ref. 2. 1In practice,
however, K. should at least not increase
towards the tip. Therefore, there are
dashed lines in Fig. 3, which indicate

the three-dimensional character of the flow
and which cannot be predicted properly by
the present method.

Some comparisons of theory and experi-
ment(9),(10) are shown in Figs. 4 and 5 for
the delta wing of Ridder's experiments.
Fig. 4 contains the spanwise distribution
of thrust coefficient C4 at full thrust
condition and the spanwise distribution of
C¥ which designates the attainable thrust
condition, Up to an angle of attack of

4 degrees (Fig. 4a)the agreement between
theory and experiment is excellent, except
a very small region near the wing tip. 1In
this case the attainable thrust C{ is equal
to the full thrust Cy. Beginning with

a = 5 degrees (Fig. 4b), the attainable
thrust deviates from the theoretical thrust
with increasing angle of attack (Fig.

4c and d). The thrust break-down starts
from the wing tip and progresses towards
the apex with increasing angle of attack.
The agreement between theory and experiment
is very good at the inner portions of the
wing, but becomes poor at the tip and at
higher angles of attack. Here, the three-
dimensional character of the flow and of
the boundary layer cannot be predicted on
the basis of this method.

Fig. 5 shows the overall 1lift dependent
drag coefficient Cp - Cp, and the overall
thrust coefficients Cp (full thrust) and
C#% (attainable thrust) as functions of the
total lift coefficient Cy,. The limiting
conditions of zero and full theoretical
thrust are also shown in Fig. 5a. It is
interesting to note that the agreement
between theory and experiment is very good
in the case of the total drag coefficient,
whereas in the case of the spanwise distri-
bution of the thrust coefficient the agree-
ment was not as good (Fig.4). Obviously,
the reason for this fact is some compensat-
ing errors when calculating the total drag
coefficient according to

(28)

G, =%

The predicted thrust is larger than the
measured one. The theoretical 1lift co-
efficient is also larger than the actual
one. These two errors are possibly com-
pensated by eq. (28).

The comparisons of theory and experiment
are shown in the following figures, begin-
ning with Fig. 6, and are made for a double
delta wing of a fighter aircraft model, the
design of which is discussed in Ref. 11.

The tests were made with an uncambered and
untwisted wing No. I and with a twisted and
cambered wing No. II. The wing has an as-
pect ratio of approximately 2.25 and a taper
ratio of O.1.

The 1lift is calculated in two different
ways, namely using potential flow theory
(linear lift) and using Polhamus' concept (5)
{nonlinear 1ift). In the latter case, the
difference between theoretical thrust and
attainable thrust is rotated by 90 degrees
and is regarded as the nonlinear part of
lift.

Figs. 6-14 contain the results for the
uncambered and untwisted wing I: Fig. 6a
shows the comparison between theory and ex-—
periment for the 1lift for a Mach number
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of 0.5. Although the influence of viscos-
ity can not be treated by theory, the mea-
sured lift is higher at larger angles of
attack than the linear 1lift. Using
Polhamus' concept brings the nonlinear

lift closer to the test data which show
nonlinear lift because of a large leading-~
edge sweep angle of the inboard panel. The
deviation of attainable thrust from theo-
retical, full thrust shows Fig. 6b.

Fig. 7a shows the l%ft—dependent drag
factor k = mA-3Cy/3(Cy,°) as a function of
Cy,. This factor is very sensitive to the
determination of drag. The theory is op-
timistic compared to measurement. In Fig.
7b Cp=Cppis plotted versus Cp. At low Cy,
levels the agreement between theory and
measurement is very good. At higher Cj,
levels the prediction of L/D would be too
pessimistic using linear 1ift and is too
optimistic in the case of computing non-
linear 1ift.

Fig. 8 compares the spanwise distribu-
tion of the theoretical thrust ct and of
attainable thrust CE at a Mach number of
0.5 and for various angles of attack. Up
to an angle of attack of 2 degrees (Fig.8a)
full theoretical thrust is obtained. Begin-
ning with an angle of attack of 3 degrees
(Fig. 8b), the attainable thrust deviates
from the theoretical thrust with increasing
angle of attack (Figs. 8c and 8d). The
thrust break-down starts from the wing tip
and progresses towards the apex with in-
creasing angle of attack.

Because of the break in leading-edge sweep
of a double delta wing, thin wing theory
predicts a jump of the spanwise distribution
of thrust.
It is interesting to note that the present
method removes almost completely that jump
and approaches. better reality.

Figs. 9 and 10 contain the results for
the planar wing at a Mach number of 0.7.

The agreement between theory and measure-
ment is similarly good as in the case of a
Mach number of 0.5.

In Fig. 11 and 12 the results for the
planar wing are shown for a Mach number of
0.9. Since the wing is very thin, the
present method which is only applicable to
subsonic flow shows still good agreement
with measurement (Fig. 11). The thrust
break-down starts already at an angle of
attack of 2 degrees (Fig. 12b).

Figs. 13 and 14 contain the results of
the planar wing at a Mach number of 0.95.
The deviations between theory and test data
become larger for the drag polar at higher
values of C1. Obviously compressibility
effects at transonic speed begin to develop
which can not be treated by the present
simple methed for subsonic flow. The break-
down of leading-edge thrust starts at an
angle of attack of 2 degrees and progresses
rapidly from the tip towards the apex with
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increasing angle of attack.

Figs. 15 and 16 show the results for the
cambered and twisted double delta wing II
discussed in Ref. 11. It is interesting to
note that theory and measurement of the ~
drag polar (Fig. 15b) agree better than in
the case of the uncambered and untwisted
wing I of the same planform (Fig.7b). Ob-
viously, camber and twist helped to prevent
an early break-down of thrust. This effect
can clearly be seen from Fig. 16. Even at
higher angles of attack the inboard panel
develops high levels of thrust, and in this
portion of the wing the development of
thrust is desired. It should be noted that
a Mach number of 0.5 is still an off-design
condition, since the wing has been optimized
for a Mach number range between 0.9 and
0.95 (see Ref. 11).

V. Concluding Remarks

On the basis of the author's lifting
surface theory(1) and of investigations by
Carlson and Mack(2) on two-dimensional air-
foil sections, the spanwise distribution
of thrust (and thus of induced drag) of
swept wings with low aspect ratio has been
calculated as a function of 1lift, Mach num-
ber and Reynolds number. Compared with the
original thin wing theory, the new method
allows to take into account the important
parameters for suction force computation,
e.g. Reynolds number, leading-edge radius,
local thickness to chord ratio, and loca-
tion of maximum wing section thickness as
fraction of chord. The comparisons of the
present method with measurement showed
mostly good agreement and are very encour-
aging for further investigations. Since
the computation time is very low, the pre-
sent method is preferably applicable to
design studies when a large number of para-
meters has to be varied.

It is intended to extend the computer
program for the calculation of nonlinear
pitching moment as soon as enough empiri-
cal data are evaluated to predict the loca-
tion of the vortex produced by a sharp
leading edge strake.
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