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Abstract

Through full-scule engine vibration studies
in recent years, we found that in a number of
the engines tested there existed the phenomenon
of 1/2 order sub-harmonic vibrution (the half-
frequency whirl), which often became the major
cause of excessive vibration level in test.
This is a phenomenon of pon-linear self-excited
vibration. If we can find out its cause and
inhibit or eliminate it, the mechanical perfor-
mance of such a type of engine can certainly be
improved.

Based on the characteristics of the nonsyn-
chronous whirls as shown in engine vibration
spectra and taking into account the details of
construction of the engine, this paper analyses
four possible major causes of self-excited vib-
ration: the unbalanced torque force due to cir-
cumferential variations of blade tip clearances,
the aero-elastic effect of the radial clearances
of labyrinth seal, the frictional force within
the splined coupling, and the nonlinear stiff-
ness of the supports,

This paper summarizes briefly the 1/2 order
sub-harmonic vibration phenomena observed in
engine test, and taking the overhung rotor as
the mathematical model, deduces its dynamic
equations to take into account the effect of
the four above-mentioned major factors.

It must be acknowledged that much previous
work has been done on the analysis of destabi-
lizing factors. But previous work generally
enploys a Jeffcott rotor and studies each of
the destabilizing factors separately.

This paper discusses the destabilizing fac-
tors in connection with a specific type of airc-
raft engine, and studies the dynamics of the
overnung low-pressure turbine rotor under the
combined action of these factors for the purpose
of explaining the phenomena observed in the
spectra of engine vibrations,

Investigations show that the frictional
force within the splined coupling is the most
important cause of self-excited vibration, and
the non-linear stiffness of the back support is
responsible for ftransforming the self-excited
vibration into autotracking 1/2 order sub-har-
monic whirl, The theoretical results of numeri-
cal calculation and those obtained from an ana-
logue computer can be successfully used to
explain the various kinds of non-synchronous
whirls observed in tests,
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It is also the intent of this paper to dis-
cuss the possibility of improving system stabi-
lity by modification of labyrinth (comb-type)
seal, and to suggest measures for inhibiting 1/2
order sub-harmonic whirl,

The phenomena of 1/2 order sub-harmonic
vibration within aerojet engines

Real-time digital spectral analysis of rig
test data taken from vibration recording mag-
netic tapes for 18 engines showed that 8 of them
exhibited the phenomena of 1/2 order sub-harmonic
vibration. A typical spectrum (PSD) is illustra-
ted in figure 1.

From the results of spectral unalysis we
found that:

1. The 1/2 order sub-harmonic vibration is
"auto~tracking and precise", i.e. the ratio of
the non-synchronous precession speed of rotor
to its rotating speed is strictly 0.5 , and it
holds constant when rotating speed choauges.

2. The 1/2 order sub-harmonic vibration
appears only in a relatively narrow speed range,
and reaches its maximum at a certain speed.

3. When the 1/2 order (half-frequency) com-
ponent reaches its maximum, it often exceeds the
fundamental component, thus becoming the major
cause of excessive vibration level in engine rig
tests, The alternating stresses produced within
the rotor by the non-synchronous pregession con-
tributes also to making it more dangerous than
the fundamental component.

4, The 1/2 order component measured at the
turbine case is greater than that measured at
the compressor case,

The low-pressure turbine rotor of this type
of engine operates in the supercritical reginme.
This is also a necessary condition for the appea-
rance of self-excited vibration.

The causes of 1/2 order sub-harmonic
vibration

Instability of high speed rotors has been

one of the major research areas in rotor dynamics
for more than half a century. It is also a diffi-
cult problem frequently encountered by engineers

in the production and operation of high speed ro-
tating machinery. Excellent surveys discussed the
causes and mechanisms of self-excited v%brations,
and gave extensive lists of references, 1-5)
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Comparing the characteristics of non-synchro-
nous whirls caused by various factors with the
phenomena of 1/2 order sub-harmonic vibration
summarized as above, and considering the speci-
fic structural features of these aerojet engines,
we can visualize such a self-excitation process
as follows :

If, when the running speed is somewhat
higher than the first critical speed of the
rotor, an initial non-synchronous precession
for some accidental reason occurs, then the
frictional moment within the splined coup-
ling, the circumferential variations of bla-
de tip clearances and the aero-elasticity
of labyrinth seals can each contribute to
the formation of destabilizing forces which
maintain and promote the non-synchronous
precession, thus causing a self-excited vib-
ration. The frequency of non-synchronous
precession is nearly equal to the first na~-
tural frequency of the rotor, and the ratio
of the former to rotor speed is at first
approximately equal to 0.5 « Due to the
effect of subharmonic synchronization, there
occurs an auto-tracking 1/2 order preces-
sion 6). The cause of this effect may be
the non~linear stiffness of the supportis.

Alternatively it is also possible that
the non-linear stiffness of the support
first creates a 1/2 order sub-harmonic vib-
ration in some of the speed region, which
then induces the forces mentioned above to
maintain and promote the nonsynchronous
precession, thus making the rotor precess
under the combined action of several fac-
tors.

Mathematical expressions for destabi-
lizing forces

l, The unbalanced torque force due to circum-
ferential variations of blade tip clearances

The results of Alford's research on this
question more ?hag a decade ago are still wi-
dely acceptede 7,8) The unbalanced torque force
(a system of tangential forces) due to circum-
ferential non-uniformity of the blade tip clea-
rances is equivalent to a resultant force causing
the forward precession of the rotor. It can be
expressed as

/9h4t5

Fp= 2rph T

(1)

where dr is the radial deflection of the impe-
ller, Mt is the torque of the stage, rp is pitch
radius, h is blade height, and 8, representing
the value of AZ./(dr/h) , is a coefficient
usually with a numerical range of 1-1.5 , zr

is the stage efficiency.

Because Fp is 90 deg ahead of the deflection
dr , it corresponds to a gas-dynamic cross-
coupled force acting in the disk plane, and the
gas-dynamic cross-coupled stiffness in the same
plane can be represented by (see fig. 2a)
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Q= —nyr:Ky,‘: 2rph (2)

2. The frictional moment within splined coupling

When the rotor operates in the super-critical
condition, the frictional moment within splined
coupling can contribute to maintaining and pro-
moting the forward nonsynchronous precession.
This frictional moment is

My = 0,636 Mt 3)

where M is the dry coefficient of friction,
normally with numerical range of 0.15-0,25{9,10)

This frictional moment is equivalent to a

force acting on the disk and causing forward
precession

Fs = Mg/L )

where L is the distance between coupling and
diske.

%+ The aero-elasticity of labyrinth seals

The aero-elastic effect of labyrinth seals,
depending on whether its clearance is divergent
or convergent in the direction of flow, will
create a force contributing to the stabilization
or destabilization of the rotor.(7)

Starting from the analysis in ref. 11, we
have derived the expressions for aero-elastic
force in the case of a multi-blade seal when
the rotor performs a general precession.

It is assumed that, when t< 0, the rotor
motion is a forward synchronous precession,and
that self-excited whirl is initiated at t=0,
Then the expressions for aero-elastic forces
FLx , Fby, due to circumferential variations
of the clearance in labyrinth seal, are deri-
ved as follows,

Using the relations given by ref. 11, we
have

d(AP;(8:1))  dP;(6-t)

APi (0. 1)= dt dt

(5)

Substituting certain appropriate relations
(omitted in this paper) into equation (5), we
obtain

AP;(6,t)=—"T0

v [ —A; APi (8- t)—B; (xcosl;
+yisind;)] (i=1 z..z—1) (6)

where 2=zthe number of teeth,
A1=WP,/(P§—P})
A—1=WPZ /[ P,—1(PZ-1—PZ)],when the flow is

not choked for the final tooth
tip clearance, and AZ_1=O, when
it is choked.

Ai=o (i=2,3 .....Z-—Z) ’



Vi=Volume of ith cavity per umnit length of
circumference,

X;,Y; = instantaneous deflections of ith
cavity in X, Y direction respectively,

6 =Position of the circumferential element
of unit length being analyzed, i.e.
its angle measured from X axis,

W= steady-state absolute
within ith cavity,

P(G,t) Pi+oPit8t)instantaneous absolute
static pressure at position within
ith cavity,

static pressure

R= gas conutant,
B= ﬂu __:..) » here ;; - static clearance

a% ith' tooth tip, Tg=total temperature,
Then we obtain

z5l 2w
FLx:._'szo APi(@st)RiSqcosgdg (7)
i=

where Ri is the root radius of seal, S, is the
distance between consecutive teeth.

Let radial deflection be Xi, then

xj=Xjcos(wt—¢) )

yi=Xjsin(wt-g)

here (U is the running speed, @; is the initial
phase angle, From equations (6),(7) and (8) we

obtain _—RTgBijXjcos(g+di+8)
NP3 (020)= (9)
Wi12wl+(RTo) %Ay ¢
Viw
=arctan
brme — (10)
-RT
FL1 | 4ap=rReS 0 BiXy (11)
VVi2wZ+(RT %A1
FL =FL 3 sC0OS3 + 93
1Xlt= 1‘t=o ($+8i)
*x3(0)/]xi(0) | (12)
FL =TI, oSin( ¢+¢i)
1Ylt=0 ilﬁ:g

+x3(0)/]xi(0)]
When 1> 0, there occurs self-excited whirl,
and the rotor performs a general precession,
then it is derived from equation (7) that

dFLx Zz,l dFLiyx
dt i=y dt

(13)

dFLix _
at Vi

A;RT B4iRT
1 °FL1x+—£;—1RiS°wx1 (14)
i

Similarly we obtain

zzx1l 2w
FL}':‘i‘zl fO LPi(#t)RiSgsinddg (15)

dFLy %3l dFLiy
dt i=y at

(16)

..__._q(o

A{RT BsRT
dFLiy = i OI"Li}"*‘ 1V- E_Risoqyyi

4% Vi i

(17)
Equations (14), (17) together with the equa-
tions of rotor motion may be solved by numerical
integration, and the solution's initial values
should be as given by equation (12),

Mathematical expressions for parametric

excitation

l, The non~linear stiffness of single-~row deep-

grooved ball bearing

The radial flexibility of ball bearing ori-
ginates from the contact deformation between
the rolling track and the ball. Based on the
analysis in reference 12, the characteristic of
the radial stiffness of bearing can be related
to the following equation

Ax=-é P8 (18)

where P is the radial load, A x is the relative
displacenent between the inner and outer ring

of the tearing under the action of radial load
P, the coefficient K depends upon the geometry,
dimensions, and material of bearing, the expo-
nent n is 2/3 for the ball bearing, and 0.9 or
1.0 for the roller bearing.

In mest aero engines, the elastic constant
Cy of supporting system is usually much smaller
that of the bearing itself., In such a case, if
the elastic characteristic of the support is
linear, then the relation describing the com-
bined spring characteristic of the ball bearing
and support can be deduced as follows:

From figure 3 it can be seen that

Cy _2 /8
-——P
x (19)

P:ka/zAx3/2=01 X.=01X1

Since x<{<x,, P on the right hand side of
equation (193 can be approximated by clxl, i.e.
1
Pzﬂixi—_“—(01xz)2/a (20)

The radial load can also be approximated by

:G.XI‘*'C‘ X;a (21)

The values of C, and C* c¢an be found from the
condition of leaut squares, ile.ee.

2

w’) EP(X1) —P*(x,) J2dx,=0(p2)
20" G, 0
Inserting (20,(21) into (22), we obtain

5/3
Cq —%
Ca=04-1.40 5—£_“‘“”A

(23)
15

32 k

Cis/aAfzi’

c*=
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where A is the amplitude.

2. The non-linear stiffness of the back support

The flexibility of turbine shaft case is
rather large, and the rigidity of back support
is assured by means of transmitting the greater
part of the load from back support to turbine
case through the long screws and plugs within
the stator blades.

The cold radial clearance between the plugs
and cases is 40,217~ -0,02 mm., The clearance
diminishes when the engine operates; for most
of the plugs the clearance will be negative,
but for the rest it may still be positive, Thus
the stiffness of back support becomes nonlinear,
as shown in figure 4.

Let the instantaneous radial deflection at
the moment of t, when the rotor precesses, be
r, the deflection obviously occurs in the fle-
xural plane. If the stiffness of the back sup-
port is the same in all directions, then the
reaction of support

P=~{k 4ro+(k 1+AKk)(r-ry) ]
=—-[k=l'—-b‘k. ]
where k 3=k 4/\k

(24)

a= To
ka
s = the clearance when the rotor is

running
The reaction components are
px=Pocosyg=~(k,;X~0k c08¥)
* ! (25)
Py=Psin¢=—(k,y—@klsin¢)

where ¥ is the angle of precession,

In fact the stiffness of the back support
will be not only nonlinear but also asymmetric,
furthermore the nonlinear stiffness will have
hardening characteristice In this case the cor-

Tesponding expressions can be derived and written
as

—Px=k,’_X+Ak‘ xco Sy
—Py=k'yy+/ke Y81 0¥

k] =k ,—2aT,

(26)

where

P(r)=k,r+a(r-rg)?

here p(r) is the hardening characteristic of
nonlinear stiffness of the back support.

The equations of motion of the high-speed
overhung turbine rotor

is Mathematical model

The overhung turbine rotor with dynamic
unbalance Ge, and moment unbalance Ge, S, shown
in figure 5, is supported by fore and“back
elastic supports, and subjected to the actions
of several factors described above which cause
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instability and parametric excitation.

The effects of these factors on rotor mo-
tion have been discussed in the preceding sec-
tions.

As this type of engine is not provided with
built-in damping device, the influence of ma-
terial and structure damping can be considered
by means of resonance amplification. The ampli-
fication factors of 10-25 are common for airc-
raft engine rotors suggorted on undamped antie
friction bearings. Thus

_VEGE Y vnry
Ceqy < Q4 , Cagq .z—-——q (27)
2

where K 12) are the stiffness coeffi-
cients, m an% Jdq are the equivalent mass and
diametrical moment of inertia of the rotor
respectively.

Thus the simplified model for the rotor-
supports system has five degrees of freedom.

2. Derivation of the equations of motion

The equations of motion of the turbine rotor
can be derived from Lagrange's equations. we
used the fixed right hand coordinate system
0XYZ, and take the following as the generalized
coordinates: the deflections of the center of
the impeller X, y (see fig. 6) and its angular
displacements a=fx » PB=0y(see fig.7). Then
the equations of motion of the overhung turbine
rotor under the combined action of several des-
tabilizing factors can be derived, and written
as

mi+Kyg(1+ A B
1 A\/ i )X+K12(1+A\/a+ 2)13

+c*{ (ayx+by ,3)2+(a1y-v-b1a)2] “(a1x+by B) a;

=Foxt FLy +me; @2cost —coq x+HK xy ¥ (28)
mY+K11(1+A7x—2——-)y Kja(1~ A\/ = a/@z

+c* (arx+b1 B)2+(ayy—b1 @) 2] -(ayy—by @) a;
=Fy+FLy+me;@? sinWt—cg y+Kyex (29)
Jda+Jpw,9—K12( 1+2§————1——— ) y+ Koo

Vv x2+

-C*l(a1x+b1ﬂ>2+(a1y—b1a)21 “(ajy—by @) by
=—meys@?sin(@Wt+4)— ceqzd (30)

JaB~3, 0t Kp(1+ &

VvV x2+yZ
+c*[ (a1 x+by B) 2+(a1y——b1a) 2] -(ayx+b; B) by
=meysw2cos(@Wt+A) —ceg, R (31)

vhere Jp=the polar moment of inertia of the
impeller,

—0.6364M; y y
Fax Cre R N e }

) X+K22,8

L Vv x%+y?
X

Vv x2+y?
a;=€13K12+713K12 }
b1 =€13K12+713K22

Fyy=F, (32)

(33)



here £ (deflection per unit force), 7 (deflec-
tion per unit moment) are the cross-coupling
influence coefficients between the 1 apd 3
planes (fig. 8),

~ 1

A= Ak

?
kq?

(L)2
2 (34
C“ij],x.=EKij]:£.

other symbols have been explained previously,

For solving the nonlinear differential
equations (14),(17),(28)-(31), we used the nu-
merical integration method (the direct integra-
tion method)s The calculated results for the
turbine rotor of this type of engine are given
in Tables 1 and 2,

For saving computing time, we first solved
the simplified equations on an analogue compu-
ter. The calculated results are shown in figu-
res 9-12. They agree well with the results of
numerical calculation shown in figures 13 and
14,

Concluding Remarks

This paper discussed several factors invol-
ved in the stability analyses of the supercri~
tical overhung~rotor-bearing system of a speci-
fic type of aircraft engine, The authors are
of the opinion that, both these factors and the
mathematical model used in this paper are app-
licable to the low-pressure turbine rotors of
many other types of engines,

The following tentative conclusions may
be drawn :

l. The frictional moment created within the
splined coupling, when the running speed of ro-
tor is supercritical, is the most important fac-
tor causing the non-synchronous forward preces-
sion of the rotor,

2+ Depending on the quality of fitting the
plugs into cases, the stiffness characteristic
of back support under operating conditions may
be linear or nonlinear, thus determining the
behavior of vibration.

If it is linear, it has no effect on self-
excited vibration of the rotor; the whirl fre-
quency, approximately equal to the first natu-
ral frequeacy of the system, varies slightly,

S0 does the whirl amplitude. In such a case the
power spectirum of engine casing vibration takes
on the nature of a narrow-band random vibration.

If it is nonlinear (i.e. hardening), the
self~excited vibration of the rotor is trans-
formed into the 1/2 order sub-harmonic vibration,
i.es the whirl speed ratio approaches and fina-
11y reaches 1/2; morecver, such a mode of pre~
cession is retained in a relatirely narrow speed
range (about 1,000 rpm for this rotor) situated
in the supercritical speed region. It is likely
to be the sub~harmonic resonances.

3« Taking measures such as adding an inter-
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mediate bearing to increase the critical speed
of the system is the most effective method for
vibration reduction.

4, Keeping the structural details of the
engine essentially intact, measures such as
the following are effective for vibration re-
duction: to assure the precision of bearings
and the assembly quality of the supports, to
reduce the frictional force within the splined
coupling, and to obtain proper clearance bet-
ween the plugs and cases,

5¢ Making the tooth tip clearance of seal
increase from one tooth to the next in the
direction of the flow may be a good method for
inhibiting the self-excited vibration as shown
in Table 2,

This paper seems to succeed in explaining
satisfactorily the various kinds of phenomena
observed in spectra and recommends some measures
for vibration reduction, but the effectiveness
of all these measures must be further examined
in the full-scale engine tests, This work re-
mains to be done.
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Table 1 Effect of and e

( Q-20, ©,5-20 mn®, A =0, A =~0.25)

1 °® the response

r €] -0.02 mm | el = 0.04 mm
b 7 = —— U EE————
@ !
IS a3 1 900 1000 1100 1200 1300 ; 900 1000 _ 1100 1200 1300
A -0.05 syn 0.1229 0.1009 0.0881 0.0800 0.0874 0.2431 0.1988 0.,1751 0.1555 0.1401
non-syn 0,0046 0.0030 0.0045 0.0146 0.1355 0.0087 00,0047 0.0667 0.0086 0.0148
n* % order ~665,8 ~633,1~661,4 % order % order % Ordertg;gsédﬂ % order % order
A ~0.1 syn 0.1297 0.0993 0.0881 0.0810 0.,0867 0,2438 04,1965 0.1757 00,1574 0.1599
non-syn 0.0021 0.0055 0.0054 0.0342 0.2146 0.,0169 0,0084 0,0081 0,0108 0.0228
% irder %order ~688,6 ~661.4 % order horder %order ~620.1 % order *% order
A -015 syn G.1248 0.,0961 0.0881 0.0318 0.0907 0.2479 0.1898 0.1766 0.1567 0.1380
non=-syn 0.0127 0,0088 0,0046 0.0356 0,2369 0,0257 ©€.0121 0.0097 0.0131 0.0370
% order horder ~633.1 ~676,4 % order, horder % order ~620.1 % order % order
*Wp is the angular speed of nonsynchronous whirl
Table 2 Effect of labyrinth seal on the response
w -1150 1/sec, B -0.025 , €,-0.06 , @-20 , A -0 , i =0,15 , do ~0.5mm
L (mm) syne res (mm) non-syn. res (mm) notation
0.0 0.098 0.058 W ~1162,7 1/sec
C.02 0,095 0.034
0,04 0.1 0.029
0.06 0.101 0.026

3i=30+(i—1 )Aa

PSD G (£) +n,
o,
1+.5n,
_AJL A na J\ f(HZ)
250

L A 1 1 I i 1 A ] kY i i i 1 A I I " L ' 3 i i 1

i-fragq scale

Figel Power spectrum of an engine casing
vibration
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Fig,2D
Aero-elastiec action of the radial
clearance o0Ff labyrinth seal

Fig. 28
Phnase relation of unbalgnced tordque
force and rotor eccentricity

k=R, +ak
%, P o
P=é%i% %2
£
[
r
— n——}
r
Fig.3 Non-linear gtiffness
of the fore Supportd Fig. 4

Non—-linear s8tiffness characteristic

of the back support

8plined coupling

msJ
o Oed
T Kxy =K xy C
% p=c,rtotr? o @,ﬁl / 7
A.
Y
Fige 5 Simplified model of the overhung Fige 6 Generalized coordinates

turbine rotor
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Fig. 7?7 Correlation between the Fige 8 Elastic curve of the overhung
angular displacements rotor

O

- Fg
e—4 .,712 —0.0484 ;r——--O. 57758

g - k Pg *k
@ —1.6 —-JIE—0,0035 ——0.6571
- kyx c* k ng
w—1.5 -'?—0.003 2.417X10°8
Fige 9* Orbit of a syn.whirl Figel0 Orbit of a combined whirl
i @ —2
a)-—l 934 ~————-—0 005 kyx
x TX 50052
Fg k
‘E—O.QGOI** Fs
ng ~—1.0 265 %%
Fige 11 Orbit of a combined whirl Fig.,1l2 Orbit of a combined whirl

** Other Symbols are the same as in fig.9.
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+0.25 mm

+0, 25 mm.
(L ’Oo
Ol'l'al.ll el 0.06

w 200
Q, —20 &) — 006
A 0.5 Q; —20
A —o0 origin y — 7.3
2 — 02 A — 0
\ A — o

Kk j tsmm ( S 025 mm

Fige 13 Orbit of a combined whirl Fige 14 Orbit of a combined whirl ( the
(Wn 606,3~633) amplitude of % order component is
approaching a steady value on the
computer)
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