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Abstract

In this paper the author proves that
the drag of a classical supersonic air-
craft can be very much diminished if the
conventional wing of this supersonic air-
craft is replaced with a good suited one
in form of a fully-optimized wing (opti-
mum-optimorum wing).

The design of a fully-optimized wing(i.
e. such a wing for which all its geometri-
cal characteristics are optimized in order
to obtain a minimum drag) leads to the
solving of an enlarged variational problem
for the drag-functional Cd whichvcontains
an unknown function (the surface of the
wing) and an unknown boundary (the shape

of the planprojection).

An original graphic-analytical method
to solve this enlarged vari=tional nroblem

for a given set of wings is presented.

This method was used for the design of.
a fully-optimized delta wing model (Adela
I Aachen), which was realised and tested.
The experimental results are in good agre-
ement with the theory. Further this mathod

was used for the design of the fully-opti-

mized wing for Concorde.

It is also possible to use this method
for the design of an integrated supersonic
aircraft configuration for which the fuse-
lage and the machineries are inside the
thickness of the integrated fully-optimi-
zed wing.
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I. Introduction

Some previous theoretical considera-

(1)—(12)in good agreement with expe-

(13)

tions
rimental results prove that the drag
of the supersonic aircraft (S.A.) can be

very much diminished (about 20 %) if the

conventional wing of S.A. is replaced with
a good suited one in form of a fully-opti-
mized wing {called here also optimum-opti-

morum wing).

According to(2) s (3)/(4),(5),(6),(9)

and(‘IO)
wing for which all its geometrical charac-

a fully-optimized wing is such a
teristics i.e. its distributions of thick-
ness, camber and twist and also its plan-
projection are optimized in order to ob-
tain a minimum pressure-drag.

(2),(3),(4).,(5), (10)

As in and the de-~
termination of the shape of the surface

of the optimum-optimorum wing leads to an
enlarged variational problem for the drag-
functional Cd which consists in the simul-
taneous determination of the equation of
the surface of the wing (which enters in
the expression of the drag-functional)

and of the shape of the planform (which
determines its boundary) in order to ob-
tain a minimum for Cd (at a given superso-

nic cruising Mach number).

I (2),(3),(4),(5) (10)

and an original
grafic-analytical method is presented for
the approach of the solution of this va-
riational problem for a given set of wings
defined through the following properties:

-their surfaces are expressed {(or appro-



ached) in form of the superposition of po-
lynomes (in two variébles);

- their planprojections are polygones;

- all wings satisfy the same imposed auxi-
liary condition.

The optimal values of the coefficients
of the polynomes and of the similarity pa-
rameters of the polygones are determined
with the help of the lower-limit hypersur-
face (Fig.1) which is firstly ihtroduced
in(z) (for the set of delta wings) and in
(5)(for the set of polygonal wings).

Each point of this hypersurface can be
analytically determined through the sol-
ving of a classical variational problem

as for example in (14). (15) 459 (18)

The position of the minimum of this hy-
persurface can be graphically (numerical-
ly) determined and the corresponding opti-
mal wing for this point of the hypersur-
face is just the optimum~optimorum wing
(of the given set of wing).

The graphic-analytical method was used
(2),(3),(4) and (10)for the effective
design of an optimum-optimorum delta wing
for the S.A..

in

For the effective design of this delta
wing the results of the high conical flow

(17)

theory of P. Germain are used.

Further,if the hydrodynamic analogy of
E. Carafoli(18)'(19)is applied and the mi-
nimal singularity principle(zo)’(21)is
taken into account then the exact solu-
tion of the boundary problem of the axial
disturbance velocity u of the three-dimen-
sional linearised supersonic flow can be

written in a closed form as in (19), (1),

(2) and (1OI by using of singularities
which are placed only along the leading
edges of the wing (and,eventually,along

some ridges of the wing).

The expression of the axial disturbance
velocity u which satisfies the principle
of the minimal singularity fulfils the
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asymptotic behaviour of the solution in
the neighboufhood of the leading edges and
also the matching condition with the boun-
dary layer solution of the wing (in the

first approximation).

This exact solution of u satisfies also
the linearised boundary conditions at the
infinity, of the planprojection (of the
wing surface) and of the Mach cone of the
apex of the wing.

The solution of u has been written in
closed form in (19), (1), (2) for the flat-
tened triangular wings at small angles of
attack if the downwash w is piecewise ap-
proximatéd in form of suverposition of ho-

mogeneous polynomes.

A comparison between the theoretical
distribution of the pressure coefficients
Cp determined with the help of the pre-
sent theory and the pressure measured on
several holes on the surface of two diffe-
rent models (The optimum- optimorum delta
wing model Adela I Aachen and the wave
rider *)) in two different supersonic
wind tunnels shows a very good agreement
{for the range of Mach numbers for which
the delta wings have subsonic leading ed-
ges) . This comparison between theoretical
curves and experimental points has been
done in (13)and (22).

The optimum- optimorum model Adela I
Aachen for which the exact solution for u
is used and which is designed with the
help of the graphic-analytical method pre-
sents the following advantages: reduced
stabilisation of the

drag, ilncreased lift,

boundary laver along the leading and
trailing edges, increased ground effect
etc. For this reasons the author proposed

it for the S.A. of the second generation.

*) The author thaﬁks the DFG for the fi-
nancial support for the experiments in

U. and

Dipl. Ing. Hoder, H. of TU- Berlin for

nachen and the Prof. Ganzer,

their experimental results.



II. The general theory of fully-optimized

(optimum-optimorum) wings

16)

(1) (14) (15) a

According to and(
fully-optimized wing (called also optimum-
optimorum wing) is such a wing for which
all its geometrical characteristics i.e.
its distributions of thickness, camber and
twist and also its planprojection are
optimized in order to obtain a minimum
pressure~drag (at the cruising Mach num-
ber). The wing must also satisfy some ge-
ometrical and aerodynamical auxiliary con-
ditions.

The design of an optimum-optimorum del-
ta wing for the S.A. leads to an enlarged
variational problem which consists in the
simultaneous determination of the equation
of the surface which represents the un-~
known function entering in the expression

of the drag-functional C_, and the contour

¢
of the planform which represents its boun-
dary, in such a way that the drag-functio-

nal C4 attains its minimum.

In order to solve this enlérged varia-
tional problem an original graphic-analy-
tical method is proposed in (2),(3),(4), (10),
(11)which allows the approach of the solu-
tion by using wings which have:
~their planforms generated by polygones in
order to have a finite number of free si-
milarity parameters (vl, Vor. cee s vn) and
-their surface plecewise generated by fi-
nite polynomes expansions in order to have
a finite number of free parameters (i.e.

the coefficients of these polynomes).

This set of lifting systems is divided
into classes. Two of these wings belong to
the same class if:

- their planforms are polygones which can
be related through an affine transformati-
It follows that both planforms are de-
fined by the same number of similarity pa-

on.

rameters with the same significance;
-their surface-expansions contain homo-
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geneous polynomes of the same degree.

- both wings satisfy the same auxiliary

conditions.

The first step of approach consists in

constructing the solution for one class.
For a given set of similarity parameters
(vl, Vor cee s vn) and an arbitrarily cho-
sen area of the planprojection (So) the
planform is determined and the proposed
variational problem with auxiliary condi-
tions reduces to a classical one (with gi-
ven boundary for the drag-functional)

which can be solved analytically in the
usual way as in (1),(14),(15),(16) | mhe so-
lution is the optimal drag-functional

(c.)

a’opt for the prescribed planprojection.

Through svatematical variation of the

set of similarity parameters a, what is
termed here a lower-limit hypersurface of

the drag-functional i.e.

(Cd)opt = f(vl, Vor eee s vn) ’ (1

can be analytically determined.

The "position" of the minimum of the
hypersurface gives the best set of simila-

rity parameters (v,, v e 4 vn) of the

2'
planform (Fig. 1).
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Figure 1. The lower-limit hypersurface (I)
for two similarity parameters



This set of similarity parameters de-
termines together with a chosen area (So)
of the planprojection the shape of the
planform of the optimum-optimorum wing of
the class. The optimum-optimorum wing is
exactly the optimized wing corresponding
to this set of similarity parameters. The
set of coefficients of the surface-expan-
sion of this optimized wing represents in
the same time the set of the optimal coef-
ficients of the optimum-optimorum wing of
the class.

The minimum value of the "ordinate" of
the hypersurface represents the drag coef-
ficient of the optimum-optimorum wing of
the class.

By comparison of the minimum of the op-
timized
ses the

drag coefficients of various clas-
lowest drag coefficient of all

classes can be found and the corresponding
wing is the optimum—-optimorum wing of all

classes taken into consideration.

III. New concepts for the effective design

of the optimum-optimorum delta wing

The above theory can be used for the
effective design of the optimum-optimorum
delta wing (of a class).

The delta wing must satisfy some auxi-
liary conditions i.e. to have a given lift
coefficient Cl,pitching moment coefficient
Cm and relative thickess Tt.

Additionally the wing must be of null-
thickess along its leéding and trailing
edges and, at cruising Mach number, an
equalization of pressure along the sub-
sonic leading edges is required in order
to avoid the birth of vortex sheets along
these leading edges.

For the cancellation of vortices aloﬁg
the entire subsonic leading edges accor-

ding to (M (15)

it is necessary that
the planprojections of these leading edges
must be straight-lines, i.e. the wing must

be delta (i.e. neither gothic nor ogee)
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and the wing shall be cambered and twisted
(i.e.
not be plane). It is also necessary that

(at cruising Mach number) the parallel

the mean surface of the wing does

flow has the direction of the tangent to
the skeleton of the central section at
the apex of the wing (i.e. the flow must
have shockless entry) and the camber and
twist distribution must be correctly coup-
led i.e. must satisfy some supplementary
auxiliary conditions, as given in (1)—‘14)-
Let us here consider a class of delta
wings
ties:
- the

mated

which fulfil the following proper-
shape of their surfaces is approxi-
in form of superposition of some ho-
mogeneous polynoms in two variables with
undetermined coefficients;

- their planprojections are isosceles tri-
angles (with undetermined aspect-ratio
and a free chosen area So)r

- all wings of the class fulfil the same
auxiliary conditions (mentioned above).

For this class of delta wings the plan
form depends only of one similarity para-
meter v = Bf (here is B = / M2 - 1, ¢
= Rl/h1 with 2,, the half span and h, the
maximal depth of the delta wing) and the
lower-limit hypersurface reduces to a cur-

ve which is here called lower-limit line

(Fig. 2) i.e.
LOWER-LIMIT LINE
Ci=Cy, Con*Crme T=T,
‘Cd)opt\\
N I
P
{Cd)opt opt
RRREZ
0 vV 10

Figure 2. The lower-limit line.



( = £(v) (2)

Cr.i) opt

For a given v the corresponding (Cd)opt
which represents, the drag of the optimal
wing for a given value of the similarity
parameter v, can be analytically determin-
ned as in (1),(14),(16)by the solving of a
classical variational problem. The positi-

onv =y of the minimum is graphically

opt
(numerically) obtained. The optimum-opti-
morum delta wing is exactly the optimized
delta wing corresponding to this value of

V.

Using this method a systematical analy-
sis of the influence of auxiliary conditi-
ons of the variational problem (i.e. M_,
Cyr C, and 1) on the shape and drag of
about 1000 fully-optimized delta wings has

been done in (6) , (7),(8) and (12)_

The analysis indicates that all the
fully-optimized delta wings have a convex
shape in the neighbourhood of £he apex and
take' a wave shape in the neighbourhood of
the trailing edge. All wings are angular
along the leading edges and sharp along
the trailing edge (as in Fig. 3) i.e.
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Figure 3. The fully-optimized delta wing
Model Adela I Aachen

The maximal thickness is located in the
central section at the distance X, 2 h1/4

from the apex.

In the vicinity of the trailing edge
the transversal sections. are narrower as
in the vicinity of the central section and
the maximal thickness in this transversal
section is reached in two lateral points,
which are symmetrically placed with res-
pect to the central section.

The magnitude of the pressure drag is
strongly influenced from the correct choi-
ce of:

- the angle of aperture y (of the mean
profile-section at the apex of the wing);
{(Fig. 4 ) and (Fig. 5).
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Figure.4. The dependence of Yoptversus M
(by T = 0,035)
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-the aspect-ratio 2 (Fig.6).

In the (Fig. 4) and (Fig. 5) the depen-
dence of the optimal aperture (Yo t) ver-
sus the Mach number M_ (by T =0,035) and
the relative thickness (by M =
sented.

2) is pre-

The optimal aperture increases when the
cruising Mach number M_ decreases and the

thickness T increases (for given v = vopt)

VARIATION OF OPTIMAL APERTURE WITH RELATIVE
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Figure 5. The dependence of Yopt versus T
(by M = 2)

In the (Fig. 6)is given the dependence
of the optimal value v&pt of the simila-
rity parameter versus the pressure center

k = Ch /Cz . (Hereby tne influence of

68

thickness is neglected) .It results the fo-

llowing range for vopt s

0,75 < vopt< 0,85 (3)

The pressure drag decreases when the
distance k of the pressure center (with
respect of the apex of the wing) increa-
ses.

INFLUENCE OF POSITION OF PRESSURE
CENTER k ON vopt
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Figure 6. Influence of pressure center k

on \)opt

The extensive analysis of the influence
of the cruising Mach number M_ , the rela-

the lift coefficient C,
and the pitching moment coefficient Cm on

tive thickness T



the drag coefficient Cd shows the impor-
tance of the correct choice .of the angle
¥

of the similarity parameter v of the plan-

°

+ the position k of pressure center and

projection.

IV. Design of a fully-optimized Model
Adela I Aachen

The present theory was used in (), (6)

(9) (10)

and for the design of a fully-
optimized delta wing model given above
(Fig. 3), called Adela I Aachen. This wing
was fully-optimized for the cruising Mach

number M = 2.
o0

For this wing:

S, = 145 em? (3)
T = 0,035 (4)

. = 0,2 (by M_ = 2 and a=0°) (5)
C - Or"[57 (Il "n = " " n ) (6)

m

Additionally the delta wing must be of

null-thickness along the leading and trai-
ling edges and the axial disturbance velo-
city u (of the thin component of the thi-
ck-lifting delta wing) must be cancelled
along the subsonic leading edges of the

wing (at cruising Mach number)

In (Fig. 7) a perspective view of the
optimum-optimorum delta wing model Adela I-

Aachen is given.

For flattened delta wing, at small an-
gle of attack, the downwash w is related
to the geometry of the wing in the follo-

wing form

= 22 (7)

Here is W the dimensionless down
wash, U_ is the velocity of the undis-
turbed flow and Z is the equation of the

Figure 7.

Perspective view of the optimum-optimorum delta wing

model Adela I- Aachen
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wing surface.

The pressure coefficient Cp is propor-
tional to the axial disturbance velocity u
2u

U

ee)

C =
14

(8)

The thin and the thick-symmetrical wing
components of the thick lifting delta wing

are considered separately as in (1= (16)

ana 1)

For the thin component the dimension-
less downwash W, is expressed under the
form of superposition of homogeneous poly-
2;

nomes of order n = 3 i.e.

w

Woex, (w, tw |y D ex w, rw Lyl ew oy ?)
a U *1'Wi0™Worl¥ 1 W20 Wi 1Y% W0,

(9}
and for the thick-symmetrical delta wing
component the corresponding dimensionless
downwash wa* is represented under the form

of superposition of homogeneous polynomes

of order n = 1; 2; 3 i.e.
w* * * * | 2.0 %
* = L = |
Ya ] Wog * Xy (Wit wo Lyl e xT(wh o

* * 2
vyl orwg, v9

(10)
The design of this optimum-optimorum
delta wing model leads to the determinati-

on of the unknown similarity parameter v

and of the unknown coefficients wij and

w;j in order to obtain a minimum drag. The
wing must satisfy in addition the auxili-
(4) , (5)

must also be of null-thickness at the lea-

ary conditions and (6). The wing
ding and trailing edges and the axial dis-

turbance velocity "u (due to the thin
component) must be cancelled along the
leading edges (at M = 2).

In the (Fig. 8) the lower-limit lines
are plotted separately for the thin, the
thick-symmetrical delta wing (component
wings of the thick lifting delta wing mo-
del) and for the thick lifting delta wing.
The lower-limit line of the thick lifting
delta wing is to be obtained through the
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addition of both lower-1limit lines of the

component wings.

LOWER-LIMIT LINES
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Figure 8. The lower-limit lines of the op-

timum-optimorum delta wing model Adela I

Aachen and for its component wings.

The position of the minimum of the lo-
wer-limit line of the thick lifting wing
determines the optimal value of the simi-

v i.e.

larity parameter v = opt

v = 0,833 (11)

opt
and the optimal thick lifting delta wing

which corresponds to this value of Vopt is
just the optimum-optimorum delta wing mo-

del Adela I Aachen.

The theory predicted that the here pro-
posed fully-optimized delta wing has half
frictionless drag as an equivalent planar
delta wing which is flying at the same
cruising speed and has the same planpro-

jection and the same 1lift.



That is the reason for which I proposed
it for the S.A. of second generation.

V. The agreement between theory and expe-

rimental results

The model Adela I Aachen was tested in
two supersonic wind tunnels i.e.
- the supersonic wind tunnel of the Aero-
dynamisches Institut of RWTH-Aachen *)
(test section 40 x 40 cmz);
-the supersonic wind tunnel of DFVLR-Inst~
titut flir Experimentelle Strémungsmechanik
(Test section 60 x 60 cmz).

This model has 17 holes which allowed
the measurement of the pressure distribu~
tion on its surface.

The pressure measurements have been
done in the supersonic wind tunnel of the
Aerodynamisches Institut of RWTH-Aachen.

A very good agreement between the theo-~
retical distribution of the pressure coef-
ficients CP determined with the help of
present theory and the pressure coeffici-
ents measured on the surface of the model
(see Fig. 9 ) is obtained over the entire
surface of the wing and for whole range of
Mach numbers for which the delta wing has
subsonic leading edges, i.e. in this case
the Mach number of the supersonic flow
doesn't exceed the following upper limit

M, < 2,307 (12)

*) Experiments done with the amiability of
Prof. Egon Krause, Ph.D., Director of
this Institute, together with Ing. A.
Scheich and Techn. L.Simons and. a group
of students (H.Reimerdes, G.Bozinis and
P. Biirger).

**) Experiments done with the amiability of
Prof. Dr.-Ing. A.Heyser, and Dr.-Ing.
G.Maurer, together with Dipl.-Ing. Esch,
Dipl.-Ing. H.Riedels and Ing. H.Emunds.
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Figure 9 . Variation of CP versus M for
the central holes

The experimental results concerning the
variation of 1ift coefficient and pitching
moment coefficient with Mach number and in-
cidence have been done in supersonic wind
tunnel of the Institut fiir Experimentelle

Strémungsmechanik.

The comparison between the theoretical
aerodynamic characteristics (i.e. lift-
and pitching moment coefficient) determi-
ned with the help of present theory and
the aerodynamic characteristics measured
on the model (with the strain gauge balance)
are also in good agreement with each other.

The hypothesis, that there are nd flow
detachments along the trailing and leading
edges of the fully-optimized delta wing
2 and
for the range of the angle of attack o

model (at cruising Mach number M, =



(-2 < a < 2}, is also experimentally con-
firmed with the help of o0il pictures.

In conclusion,there is a good agreement
between the theoretical results obtained
by using the high conical flow theory and
the experimental results for the whole
range of Mach numbers for which the delta

wing has subsonic leading edges.

VI. New concepts for the design of second

generation of fully-optimized super-

sonic aircraft (S.A.)

The principal conclusion of this paper
is that the rentability of a S.A. can be
achieved if the classical gothic wing of
the S.A. is replaced with a good suited
wing i.e. with a fully-optimized delta
wing,
(Fig.

Such a replacement has been done in
10) for the S.A. of type Concorde.

The Concorde with fully-optimized delta
wing has the same fuselage and the same

wing area as the classical Concorde.

The wing was fully-optimized for the
same cruising Mach number.

A geometrical comparison between the
both wings provides the following diffe-
rences
- it is delta shaped (i.e. the projections
of the leading edges on the planform are
straight lines) and not gothic;

- it has angular leading edges and not ro-
unded leading edges:;

- the mean surface is not plane but cambe-
red and twisted;

-all geometrical parameters of the new
wing (camber, twist, thickness, planform)
are optimized in order to obtain minimum
drag (at the same cruising Mach number).

The Concorde with fully-optimized delta
wing presents the following aerodynamical
advantages:

- its pressure drag is reduced because the
wing is fully-optimized (at cruising spe-

ed}; it results a reduced fuel-consumption

WING-DIFFERENCES
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Figure 10. Comparison between a classical Concorde and thevConcorde with fully-
optimized delta wing, by start



(for the same trajectory,by the same crui-
sing speed);

- its lift is increased (at the same crui-
sing speed and for the same wing area)
because of the condition of pressure equ-
alisation along the leading edges (at cru-
ising speed); it results in an increased
possibility of transport of payload;

- its lift is also increased at all regimes
of flight because of its twist, therefore
this S.A. needs shorter run-ways for take-
off and landing;

- its induced drag is cancelled (at cruising
Mach number) and is reduced at all other
regimes of flight because of the twist of
the wing.

- its twist produces a lateral stream whigh
transports additional central energy in
the central part of the back region of the
upper side of the wing and therefore a sta-
bilization of the boundary layer in this
region is achieved; the detachment.at the
trailing edge is retarded. It results in an
increased lift and a supplementary re-

duction of the drag.

A better concept for the design of S.A.
of second generation is to optimized the
whole configuration of the aircraft i.e.
wing-fuselage-machineries and to design an
integrated fully-optimized wing which con-
tains inside its thickness the fuselage
and the machineries.

The mean surface of thé integrated wing
looks like the fully-optimized isolated
wing, but its thickness-distribution must
be modified in order to allow the intro-
duction of the fuselage and the machine-

ries inside its thickness.
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