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Abstract

By virtue of linear theory of a sonic

boom,thepattern of shock and rarefaction

waves occurrinr in the supersonicflow

past an aircraft,maybe treatedas a wave-

front.Ifintensityof a sonic boom is not

analysed,theproblem of propagationof a

sonic boom is merely geometricalproblem.

This paper pr-:sentsthe analiticmethod

of determinationof a wavefrontand appli-

cation of that to the followingmodels of

an atmosphere:1/stillhomogeneousatmos-

phere,2/stillat::ospherewith rradientof

sound velocity,3/stillatmospherewith tem-

peraturegrad1ent,4/honogeneousatmosphere

with vertical wind velocity distribution

and 5/atmospherewith gradient of sound ve-

locityand vertical wind velocitydistribu-

tion.


of a wavefrontand rays.The ray may be

treated as a path of element of a wave-

front.Influenceof teperature gradient

on propagationof a sonic boon was inves-

tigated in above mentionedpaer,in ano-

ther paner of Warren(2)andby author of

present paper(3),Nas well.Influenceof

wind velocity was consideredby Dressler

and Fredholm(5).

The aim of the present paper is the

investirationof influenceof temperature

rradient and vertical wind velocity dis-

tribution on propagationof a sOnic boom.

It is assumed that a flight path lies in

the vertical plane that is parallel to the

vector of wind velocity.Propagationof a

sonic boom is consideredmerely in the

plane of a flight path.Intensityof a so-

nic boon is not analysed.

II.Symbols

I.Introduction

Sonic boon is caused by the shock waves

occurringwhen an aircraft /rocket,projec-

tile/ flies at the supersonicspeed.Asit

is well known,sonicboom may be a danger

to the other aircraft in the air and to the

people and objects on the rround.Inorder

to determinethe range of a sonic boon it

is necessaryto know how do the shock waves

propagate.Propagationof the shock waves

depends on the history of a flightand at-

mospheric conditions,mainlyon the tempe-

rature gradient and wind velocity distribu-

tion.

7Aeneraltheory of a sonic boon is presen-

ted in naper of Warren and nandall(i).In

this theory there are intiadncedthe notions


a -sound velocity
aA-value of a at altitude of aircraft

a=a/aA

k -non-dimensionalcoefficient/Table 1/
1 -coefficient/Table 1/
t -time

f -non-dimensionaltime /Table 1/
tA-time correspondingto the certain po-

sition of an aircraft
w = wG wA

wA-value of NTGcorrespondingto the alti-

tude of aircraft
wG -wind velocity relativeto the ground

Tir= w/a A

x,y -Cartesian coordinatesmoving at the
speed wA relativeto:the ground

5C,F,-non-dimensionalcoordinates/Table 1/
xA -horizontalcoordinateof an aircraft

xG -horizontalaxis connectedwith the
ground
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c = i/sinocT ,whereupper and lower

signs apply to the regions,respective-

ly,aboveand under a flightpath

-altitude of an aircraft

110-altitudeof an at::ospherewith tempe-

rature gradient/Table 1/

M = U/aA -Mach number of an aircraft

-flight speed relativeto the air

-normal velocity of a wavefrontthat is

measured in x,y-coordinates

olt=arc sin i/M -Mach angle

E=±1,where upper and lower signs apply,

respectively,tothe aft- and headwind

T.-angleof climb

90-anglebetween normal to the wavefront

and x-axis

4/-anglebetween tangentto the ray and

x-axis

4/-valueofSP correspondingto the alti-A
tude of an aircraft

III.Assumptions

In atmosphere there is a vertical tem-

perature,sradient,i.e.a=a/y/ and verti-

cal wind velocity distribution,i.e.wG=

=wa/y/.Thevalue of wG at altitude of an

aircraft is equal to wA.The flightpath

lies in the vertical plane /x,y/,x-axis

is horizontaland moves at the speed wA

relativeto the ground.Inx,y-coordinates

the.windvelocity is equal to

-wA.Vectorof wind velocity lies in /x,y/-

plane.

At the instant tA an aircraft is at the

point /xA,0/,itsMach number is equal to

1:>1,Machanglea,altitude IIand angle of

climbr.According to the definitionof a

ray,at the point /xA,0/ the angle between

the tangents to a ray and a flightpath

is equal to / 2 -ce/,the angle between

the tangent to a ray and x-axis is equal

to /Figure i/

‘PA [ji ce r (1)

where the upper and lower signs apply to

the wavefronts prop1,-ating,respectively,

above and under the tangent to a flight

path.

IV.GeneralSnellis Law

Let us considerFigure 2.The normal ve_

locity of a wavefrontmeasured in x,y-co-

ordinates is equal to

V = a + w cos r (2)

One exists the relationbetweenV and r
After suitablemodificationsthis relation

may be expressedin the form

V/cosQ= const (3 )

and that is fulfilledalong a ray.Substi-

tuting (2) to (3) and calculatingthe con-

stant from the conditionthat at the be-

ginning of a ray there is w=0,a=0 and
4,10=4/=kewe cet the followingformula

that will be called the general Snellls

law

a/cosp + w = aA/cos yiA (4 )

where qiA is determinedby (1).Therays

are not orthogonalto the wavefrontand

they are the segmentsof space lines.Two

rays for that the arrle 4VA lies in /x,y/-

plane are the segmentsof plane lines;

these rays will be called,respectively,

upper and lower ray /Figure 1/.

If w=0,then formula (4) takes the form

of ordinary Snellis law
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a/cos‘IV=aA/eos ti,14
In this case the rays are crtho,,onal to

the 7avefront and they are the segents

of plane lines lyinr7in the vertical pla-

nes.

GROUND
FIGURE 2.

FIGURE 3

PATH OF A WAVEFRONT
IN (y,t) - PLANE

x+wA(t-tA),617.

,WAVEFRONT
% AT THE TIME t

WF

WAVEFRONT
AT THE TIMM t

RAY

AIRCRAFT
AT THE TIME tA
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V.Method of Determination

of a Wavefront


In /x,y,t/-space the path of element of

a wavefront is the segment of line going

through the point /xA,O,tA/.Projection of

this segment into /x,y/-planc is called a

ray,projection into /y,t/-plane will be

called a path of a wavefront in /Y,t/-pla-

ne.

VI.ParametricEquationsof the Path

of Element of a Wavefrnnt


In order to find the solutionsof (7)

and (8),we shall derive the parametric

/parameter 99= - 17/2f g72 / equations of

the path in /x,y,t/-space of element of a

wavefront.These equations will be in the

forms

It is seen from Figure 2 that along a

ray the following relations are satisfied

x = x(f)

Y = y(V)
t = t(y)

dx = a (cos <9 w)dt, (5)

dy = a sin f dt (6)

Eliminating from (5) and (6) by means of

(4) the angley,we obtain differential

equation of rays

dy/dx = f(x,y ) (7)

and differential equation of paths of a

wavefront in /y,t/-plane

The expressions (9) and (10) are parame-

tric equations of a ray and they satisfy

the differential equation of rays (7);the

expressions (10) and (ii)are parametric

equations of the path of a wavefront in

/y,t/-plane and satisfy (8).

Resolving (4) with respect to y,we get
Eva-Vic/7

immediately the parametric (10) of coordi-

nate y.Differentiating (10) with respect

toje,we receive the following expression

dy/dt = g(y,t) (8) dy/dy= y109 (ici)

Let us assume that the solutions of (7)

and (8) are known.Considering the ray ema-

nating at the time tA from the point

/xA,0/,wc can determine by neans of solu-

tions of (7) and (8) the coordinates xty

of any point of a vavefront at any instant

t> tA /Figure 3/.Let xG denotes the hori-

zontal axis connected with the ground.At

every instant t > tA the coordinate xG of

a wavefront rropagating along a ray emana-

ting at the instant tA at the point /xA,0/,

exprasses as follows

x, = x + IvA(t- tA)

where x is determined by neans of solutions

of (7) and (8).This procedure is shown in

Figure 3.

By means of (6),(10) and (id) we obtain the

relation

dt/d = /619/a (r) sin 5,9 (iz)

and by means of (5), (10) and a -t tie re-
lation

dx/d = y'eektg (IP w(s9/a(sls in V] (9')

The expressions Wh (10,419 will be ca-

lled the differential equations of coordi-

nates of the path of a wavefront.Integra-

ting (99 and (10,we get the parametric

equations of coordinate x and t of the

path of a wavefront.
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VII.ParametricEquationsof a Wave-

front in Straight Level Flifiltat  

ConstantMach Number
a aA[i yAIG-,W G O

In this case of flight we shall derive

directly the parametricequationsof a wa-

vefront in the forms

x = x (Y) (1 2)1
Y = Y (W) (13)

3/still atmospherewith temperature

gradient

A11/2a = -ho w = 0G

4/homogeneousatmospherewith vertical

wind velocity distribution

Parametricequation of coordinatey is i-

denticalas in previous heading.Withre-

gard to the wavefront the followingcondi-

tion is fulfilled

dy/dx = -ctgso (13)

Taking into account (101),weobtain from

(13)the differentialequationof coordina-

te x of a wavefront

dx/df. -yffr)tg (125

and after integrating-theparametricequa-

tion (12) of coordinatex of a wavefront.

By means of (4) and (12)we derive the di-

fferentialequation of wavefronts

dy/dx = h(x,y) (14)

Parametricequations (10)and (12) of coor-

dinates of a wavefront satisfy the differe-

ntial equation (14).

It should be noticed that the wavefront

describedby (10) and (12)moves at the

speed wA relativeto the ground.

VIII.odels of an Atmosphere

The method of determinationof a

front described ia the headingsVW/aadVW,

will be applied to the followin;models of

al at7osphere:

1/still honogeneousatmospere - a =

const,wG= 0

2/stillatmospherewith gradient of so-

und velocity

a = const, 7G = a(y + 10/1 , w=f ay/l

5/at-7ospherewith g,radientof sound ve-

locity and verticalwind velocity

distribution

a = aA[i - y/(1.0-H)]

wG= EaAk(y + II)/Q10-II), w= taAky/

IX.Propagationof a Sonic Boom

With regard to the models 2,3,4,5 of an

at.losphereit will be introducednonTdimen,

sional quantities:coordinates37,Tr;time r,
sound velocity5,wind velocity their

scales are tabulatedin Table 1.7e shall

ir1
en

—x i i ii i
1 x 7 t a 0

2 k Y *At
14 0Ho-H Ho-H Ho-H

3 x __y___
Ho-H

.11e ( -)1/2/y 0
HoAI Ho-H

4
x
1

(1> o)
_7__
1

at 1 Ef
1

5 x y , allt -1-y Eki

(04c0)Ho-H Ho-H Ho-H

TABLE L.

assume the notation
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C = 1/sin (ce (15)

where upper and lower signs apply,respec-

tively,to the upper and lower ray.

In Table 2 there are tabulated the

differential equations of rays (7),paths

of a wavefront in /y,t/-plane (8) and wa-



vefronts (14).Equations (7) and (8) cor-



respond to any flight,quantity C defined

by (15) may change along a flight path.

In the case of model i of an atmosphere

the equation (14) corresponds to the stra-

ight flight at constant Mach number and

there is C = const along a flight path.For

models 2,3,4,5 the equation (14) corres-

ponds to the straight level flight at con-

stant Mach number and C = M = const along

a flight path.

In Table 3 there are represented the

differential equations (91),(10),019 and




RAYS
di/di .!

DIFFERNNTILL EQUATIONSOF

PATHE_OF• WURFRONT
IN (PM- Fume
di/di . ±

UFEFIONTS
(CmCONST,MICONST)

dY/dt . -




- 1)1/2 1 N 1/1 (C2WI/2a(1 - ii-)




C2 1
1/2 /...\-11/2

49[1QL:pli
C

112
--711-- 1]-1/2
-7)_5,_)2




(C 2 1)1/2
-

[ 14)(1 -..at)]1/2
r01] -1/2




L14




[(c —6-)2 —1] 1/2




r1 6i7:72-] 1 2
[(if - E7)2 - 1]-1/2




(i...5)[0_eki)2_(14)2]1/2




(1--):1/2 /[(li- Ek”i  -1/2

(1- 5)2 + E ki(C - Eki) (C - E16)- (14)2

TABLE 2 .

ATMOSPHERE

1 DIFFERENTIALEQUATIONSOFCOORDINATES

PATHOF •WAVEFRONT

OF

VAVRFRONT(M . CONST)

di/d4 . di/dY - di/dY .. di/dy . di/dY .

2 C oviY C many t/oolly -Main2Y/01,10 Ifslny

3 2C2sem2/ C2s1n2Y 2C -21d2s1n2Y If2.1122Y

4 E(s1n2Y-Coosy)/oolOy 14elny/oes2y-E/oos2y -E4in2y/oes3y -Wily/m.2u

5
Ek(s1n2Y-Coos(?)+Coos2y(C-Ek)siny

(1-ekoogy)2
1 ,(m-Ek)sin2y (li-00sint

oosy(1-6koosy) 2 oolly(1-61comlq) 4msy(1-61coosy) 2 (1 -ftmose

TABLE 3 .
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(121)of coordinates of the path of a wave-

front and coordinates of a wavefront /C=11

const alon7 a flight path/.In Table 4 the-

re are tabulated the solutions of differen-

tial equations (7),(8) and(14),In the case

of model 5 of an atnosphere one can obtain

the parametric /parameter(' / solutions

merely for k41.In Table 4 there are re-

prosented the parametric solutions for

k=1.

In Table 5 that concerns the model 1 of


an atmosphere there are shown the solutions

of differential equations of rays,paths of

a wavefront in /y,t/-plane and wavefront

/C=const along a flight path/ and the e-

xamples of determining of ray,path of a

wavefront in /y,t/-plane and wavefront.In

Tables 6 f 13 there are shown in the sini-

lar_way the results concerning the models

2,3,4,5 of an atmosphere.
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