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Antoni Tarnogrodzki
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Abstract

By virtue of linear theory of a sonic
boom, the pattern of shock and rarefaction
waves occurring in the supersonic flow
past an aircraft,may be treated as a wave-
front,If intensity of a sonic boom is not
analysed,the problem of propagation of a
sonic boom is merely geometrical problem,

This paper pr2sents the analitic method
of determination of a wavefront and appli-
cation of that to the following models of
an atmosphere: 1/still homogeneous atmos-
phere,2/still atnosphere with cradient of
sound veloeity,3/still atmosphere with tem-
perature cradient,4/honogeneous atmosphere
with vertical wind velocity distribution
and 5/atmosphere with gradient of sound ve-
locity and vertical wind velocity distribu-
tion.

I.Introduction

Soniec boorm is causcd by the shoclk waves
occurring when an aireraft /rocket,projec-
tile/ flies at the supersonic speed.As it
is well known,sonic boom may be a danger
to the other aireraft in the air and to the
people and objects on the rround.In order
to determine the rance of a sonic boon it
is necessary to know how do the shock waves
propacate.Propacation of the shoek waves
depends on the history of a flight and at-
mospheric conditions,mainly on the tempe-
rature gradient and wind velocity distribu-
tion.

Iengral theory of a sonic boom is presen-
ted in paper of arren and Handall(il.ln
this theory there are intiroduced the notions

of a wavefront and rays.The ray may be
treated as a path of element of a wave-
front.Influence of tenperature rradient
on propacation of a sonic boon was inves-
ticated in above mentioned pavrer,in ano-
ther paner of Warrenlz)and by author of
present paper(sl'(4)as well.,Influence of
wind velocity was cousidered by Dressler
and Fredholm(5).

The aim of the present paper is the
investigation of influence of temperature
rradient and vertical wind velocity dis-
tribution on propagation of a sonic boom.
It is assumed that a flight path lies in
the vertical plane that is parallel to the
vector of wind velocity.Propacation of a
sonic boom is considered merely in the
plane of a flicght path,.Intensity of a so-
nic boom is not analysed.

II.Symbols

a -sound velocity
a,-value of a at altitude of aircraft

_A

a = a/a.A

% -non-dimensional coefficient /Table 1/
1 -coefficient /Table 1/

t -tine

f -non-dimensional time /Table 1/

tA-time correspondinz to the certain po-
sition of an aircraft
W= Wo=W,

w,-value of Vs corresponding to the alti-

A

tude of aircraft
w5 -wind velocity relative to the ground
w = w/a,A
X,y -Cartesian coordinates moving at the

speed LN relative to:the ground

X,y -non-dimensional coordinates /Table 1/
x, -horizontal coordinate of an aircraft

A
X =horizontal axis connected with the
" eground



1/sin(x 5 )
sizns apply to the regions,respective-

C = y,Where upper and lower
ly,above and under a flight path

H -altitude of an aircraft

Ho-altitude of an atmosph2re with tempe-
rature cradient /Table 1/

K = U/a1 -Mach number of an aircraft

U =flight speed relative to the air

V -normal velocity of a wavefront that is
measured in x,y-coordinates

o = are sin 1/M -Mach angle

£ =%*1,where upper and lower signs apply,
respectively,to the aft- and headwind

M-angle of climb

Y -anzle between normal to the wavefront
and x-axis

¥ -an~le between tancent to the ray and
X-axis

f{-value of ¥ corresponding to the alti-
tude of an aircraft

III.Assumptions

In atriosphere there is a vertical tem=-
perature cradient,i.e. a=a/y/ and verti-
cal wind velocity distribution,i.e. Ve =
=wG/y/.The value of w, at altitude of an
aircraft is equal to WA.Tha flight path
lies in the vertical plane /x,y/,x-axis
is horizontal and moves at the sveed WA
relative to the ground.In x,y-coordinates
the wind velocity is equal to w/y/:wG/y/-
-w,.Vector of wind velocity lies in /X, v/
plane.

At the instant tA an aircraft is at the
point /xA,O/,its lLlach number is equal to
M »1,lach anglea ,altitude iI and angle of
climb [M.According to the definition of a
ray,at the point /xA,O/ the anzle between
the tancents to a ray and a flicht path
is equal to / "g; -o /,the angle between
the tangent to a ray and x-axis is equal
to /Figure 1/

y AT - ["E»(«$F’)] (1)

where the upper and lower signs apply to
the wavefronts propacating,respectively,

above and under the tangent to a flight
path,

FIGURE 1.

IV.General Snell's Law

Let us consider Figure 2,The normal ve-
locity of a wavefront measured in x,y-co-
ordinates is equal to

V=a+wecos¥ (2
One exists the relation between V and ?(52
After suitable nodifications this relation
nay be expressed in the form

V/cos ¢ = const (3)
and that is fulfilled alonz a ray.Substi-
tutingz (2) to (3) and calculating the con-
stant from the condition that at the be-
ginning of a ray there 'is w=0,a=0 and
‘P=‘F=‘\VA,we get the following formula
that will be called the general Snell's
law

(4)

a/cos¥ + w = aA/cos ‘[/A

where ¢/, is determined by (1) .The rays
are not orthogzonal to the wavefront and
they are the segments of space lines,Two
rays for that the ancle Y, lies in /x,v/-
plane are the segments of plane lines;
these rays will be called,respectively,
upper and lower ray /Fisure 1/.

If w=0,then formula (4) takes the form
of ordinary Snell's law




In this case the rays are orthogonal to

a/cos¥ = a,/cos Y,

the wavefront and they are the segnents

of plane lines lying in the vertical pla-

nes,
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V.Method of Determination
of a Wavefront

In /x,y,t/-space the path of element of
a wavefront is the segment of line going
through the point /xA,O,tA/.ProJection of
this sezment into /x,y/-planc is called a
ray,projection into /y,t/-plane will be
called a path of a wavefront in /y,t/-pla-
ne.

It is seen from Figure 2 that along a
ray the following relations are satisfied

(5)
()

dx = a(cos ¥+ w)dt

a sinf dt

n

dy

Eliminating from (5) and (6) by means of
(4) the angle ¥ ,we obtain differential
equation of rays

dy/ax = f(x,y) (7)
and differential equation of paths of a
wavefront in /y,t/-plane

dy/at = g(y,t) (8)

Let us assume that the solutions of (7)

and (8) are known.Considering the ray ema-
nating at the time tA from the point
/xA,O/.we can determine by neans of solu-
tions of (7) and (8) the coordinates x,y
of any point of a wavefront at any instant
t) ty /Figure 3/.Let x; denotes the hori-
zontal axis connected with the ground.At
every instant t)tA the coordinate x, of
a wavefront propagating along a ray emana-
ting at the instant t, at the point /xA,o/,
expresses as follows

xG=x+wA(t-tA)

where x is determined by neans of solutions
of (7) and (8).This procedure is shown in
Figure 3.

Vi,Parametric Equations of the Path

of Element of a Wavefrant

In order to find the solutions of (7)
and (8),we shall derive the parametric
/parameter Y= - /2 # ¥/2 / equations of
the path in /x,y,t/-space of element of a
wavefront.These equations will be in the

forms
x=x(%¥) (9)
y=y(®) (10)
t = t(¢) (11)

The expressions (9) and (10) are parame-
tric equations of a ray and they satisfy
the differential equation of rays (7);the
expressions (10) and (11) are parametric
equations of the path of a wavefront in
/v,t/-plane and satisfy (8).
R lving
esolving (4) with x;’%%%?ot” to y,we get
immediately the parametric (10) of coordi-
nate y.Differentiating (10) with respect
to ¥¥,we receive the following expression
ay/ap= y' (%) (10)
By means of (6), (10) and (10') we obtain the
relation
' 1 ’
dt/d¥ = y(¥)/a(¥)sin ¥ (11)
and by means of (5), (10) ana (11)-the re-
lation
’
ax/d¢ = y'(‘fi:tg‘fﬂ w(¥)/a(¢)sin V’J )
The expressions (9'), @0'), (11') will be ca-
lled the differential equations of coordi-
nates of the path of a wavefront.Integra-
ting (9') ana (14'),we get the parametric
equations of coordinate x and t of the
path of a wavefront.



VII.Parametric Equations of a Wave-
front in Straight Llevel Flight at
Constant Mach Number

In this case of flight we shall derive
directly the parametric equations of a wa-
vefront in the forms

(12)
(10)

X
p

x, (¥)
vy (%)

Parametric equation of coopdinate y is i-
dentical as in previous hcading,With re-
zard to the wavefront the following condi-
tion is fulfilled
dy/dx = =-ctz (13)
Taking into account (10'),we obtain from
(13) the differential equation of coordina-
te x of a wavefront
U
ax/af = -ye) tz P (12)
and after integrating-the paranetric equa-
tion (12) of coordinate x of a wavefront.
By means of (4) and (13) we derive the di-
fferential equation of wavefronts
dy/ax = h(x,y) (14)
Parametric equations (10) and (12) of coor-
dinates of a wavefront satisfy the differe-
ntial equation (14).
It should be noticed that the wavefront
deseribed by (10) and (12) noves at the

speed w, relative to the ground.

A

VIII.)odels of an Atmosphere

The method of determination of a wave-
front deseribed in the headinzs V,VfanaWH,
will be applied to the followint inodels of
an atmosphere:

1/still hororeneous atnosphere - a =

const,wG = 0

2/still atmosphere with gradient of so-

und velocity

a =a,[t - yAi)- 1:)] : wy = 0

3/still atmosphere with temperature
gradient

a= aA[i - yAio- H)]"/z y Wg =0

4/homogzeneous atmosphere with vertical
wind velocity distribution

a = const, w, =ta(y + 1I)/1 , w=gay/1

5/at~osphere with sradient of sound ve-

locity and vertical wind velocity
distribution

]
|

= a[1 - wfip- m]

We= € a.Ak (v + ) /(IIO- H), w= s_aAlcy/ (HO.-H)

IX.Propagzation of a Sonic Boon

With regard to the models 2,3,4,5 of an
atuosphere it will be introduced nonsdinen=
sional quantities: coordinates X,¥y; time T,

gsound velocity a, wind velocity W; their
scales are tabulated in Table 1.7e shall
' M _
gE - v t a B
7
 § x Yy t a 1]
x | x| st
2 . - ™ i-y o
ED H Ho H Ko H
x | _y |8t [, o2
3|5, | H,-H | H -H -y 0
=
ap Y || L '—1" 1 £y
a>0)| 1
at - Eky
g )X 0 AR [~ G B -
Ho-H | Ho-H | Ho-H (0<k <1)
TABLE 1.

assunme the notation



C =1/sin(e¢ M)

tively,to the upper and lower ray.
In Table 2 there are tabulated the

differential equations of rays (7),paths

of a wavefront in /y,t/-plane (8) and wa-
vefronts (14).Equations (7) and (8) cor-

respond to any flight,quantity C defined

by (15) may change along a flight path,

(15)

where upper and lower signs apply,respec-

In the case

irht flight

there is C = const along a flight path.For

of model 1 of an atmosphere

at constant Mach number and

the equation (14) corresponds to the stra-

models 2,3,4,5 the equation (14) corres-

In Table

3 there are represented the

ponds to the straight level flight at con-
stant Mach number and C = M = const along
a flight path.

differential equations (9), @0Y, (11) ana

. DIFFERENTIAL EQUATIONS OF
ga SATS rgn?;?g)f :‘un (c=coNst?, n-cou:r)
& ay/ax = = ay/at = ¢ dy/ax = 3
1| (c® - 1)¥/3 alt - _;,.) 1/2 (c? - 1)-1/2
2 2 [ _@=p?1/2 B -1/2
: [(1 -5)? ] @ ’)[1 c J [(1-?) ° ]
2 / _ - 1/2 -1/2
| - (a9 - 257 [ - 1]
[ - e9)? - 4272 o 8 L Jlea
4 ei(:-ei)+1 [ YL ] [(u-ty) -1:' 2
1-Pl(c- exy)?- (-5 2]1/2 PR PRI € = g i £ EN T bl Dandn
° (1-3)° + exy(c - £x¥) @ ’)[1 (G-Eki)zJ [ (1-y)2 1]

TABLE 2.
Z DIFFERENTIAL EQUATIONS OF COORDINATES OF
E PATH OF A WAVEFRONT WAVEFRONT (M = CONST)
?, ax/dy = ay/ay = at/ay = ax/ay = ay/dYy =
2 C cosYy C siny 1/cos'y -Ilnnz‘ﬁlou? M siny
3 ac’oo-zv czslnzv 2c —zlzsilav IzltnI?
4 E(unzkp-Cou?)/ona\r -E-inqlouz\r -E/ouaq -Eunatp/usaq -Eunq/onzqh
€k (llnzﬁr-Cooup) +Ccol§ C-Ek)sing | 1 L(-'&) ltnz? (M=EX) lln%
& cos ¢ (1-Ekcosy)” (1-txoos )| cosy (1-Ekoesy) cesy (1-&00.7)’ (1-Ekoosy)

TABLE 3.
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(12') of coordinates of the path of a wave-
front and coordinates of a wavefront /C=M
const along a flight path/.In Table 4 the-
re are tabulated the solutions of differen-
tial equations (7), (8) and (14).In the case
of model 5 of an atmosphere one can obtain
the parametric /parameter ¥ / solutions
merely for k£1,In Table 4 there are re-
presented the parametric solutions for

k=1,

an atmosphere there are shown the solutions
of differential equations of rays,paths of
a wavefront in /y,t/-plane and wavefront
/C=const along a flight path/ and the e-
xamples of determining of ray,path of a
wavefront in /y,t/-plane and wavefront,In
Tables 6 %
lar .way the results concerning the models

13 there are shown in the simi-

2,3,4,5 of an atmosphere,

In Table 5 that concerns the model 1 of
ATMOSPHERE 1, REGION ABOVE A FLIGHT PATH !
PATHS OF A WAVEFRONT [
RAYS IN (y.4) - PLANE WAVEFRONTS (C=CONST) 1
s
y
& 2
o
s s
w &
=3
28
&N \
]
¥
L]
= < = -
~ e
- \ \\\h. ”
" \ #
& \
=
e
m
[&]
-
g| 3
v
- ~ e
nl g Ta - / 1
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% / I
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8 \
1 b
e \

TABLE 5.
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SOLUTIONS OF DIFFERENTIAL EQUATIONS
ATMOSPHERE 5 (k=1), €= 1 ATMOSPHERE 5 (k=1), €=-1
1 T
e-f =t
C-OO
1<C <09
©0n
P
<
=
Olg0 7 . .
i 1]
£
E g 0,75+ -i
>
= o
'
‘/_\
B 142
)
E\_/
=z
2H
“
z
2
o
=

TABLE 7.
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