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Abstract


In this paper the behaviourof sandwich
platesunder a step heat inputis investi-
gated.With neglectof coupling,the problem
consideredseparatesinto two distinctprob-
lems to be solvedconsecutively.The first
is a problemof heat conduction,the second
a problemof thermoelasticitywhich is the
more directconcernof this paper.Solving
this very last problemthe use is made of
the theoryof sandwichplatesgiven in pre-
vious papersof the author W,(1),(5_),(6).
Similarlyto R.D.Mindlinand L.E.Goodman
(8) the solutionis foundas the sum of two
partialsolutions.The firstsolutionis
identicalto that of thermalbendingwhile
the secondone representsfree forcedvibra-
tions of sandwichplatesunder the pulsating
force consistingof the negativeof inertia
forcescorrespondingto the firstsolution.
To illustratethe proceduresemployedthe
problemsolvedby B.A.Boley(1) for homoge-
neons platesis considered.Limitingprocess
to the homogeneousplateenablesthe compa-
rison of numericalresultswith thoserecei-
ved by Boley.

I. Introduction


The sandwichplateunder considerstion
has its middle plane in x, ,x2 -plane (Fig.
1). In the f3- directionthe thicknessof
the lower face extendsPretof3--hto f3.-s ,
the core from z,.-sto f,-sand the upper
face layer from r.cs to f,-/7• The two face
layersare of the same physicalproperties,
and perfectbond betweenthe adjacentlay-
ers is assumed.Individuallayersin this
analysisare assumedto be elasticorthotro-
pic continuawith main axes of orthotropy
in the fi -directions(/ = 1,2,3).

--

xi (x2)

Figure 1. Planformand structureof sand-




wich plate considered

The followinggeneralassumptionsare
used in the derivationof the basic rela-
tions:

No heat is generatedwithin the body
Thermalconductivityk of each lay-
er is constantthroughoutthe layer

for the heat conductionproblem,and
Transversenormalstrain c3 of the pla-
te is negligible
TransversenormalstressG-3of the pla-
te can be neglected
Supportingof the plate is arranged
in such a way that it does not enable
the motion of the ;lateas a whole
The Kirchhoff-Loves hypothesison
normalsis not acceptable

for the thermoelasticproblem,respect.

II. Heat conductionproblem


The time - dependentheat conduction
problemin an orthotropicbody is governed
by the Fourier'sequation

32 e d f
- ef =

pf
providedthe effectof the stressesand de-
formationsupon the temperaturedistribu-
tion is quite smalland can be neglected.
In Eq.(1) the followingnotationis used:
kt denotesthermalconductivityin the fd
- direction,c the specificheat,jo' the
densityof the material,/' time,and 7-*
the temperature.

In additionto Eq.(1) it is necessary
to specifythe appropriateboundaryand i-
nitial conditionsin order to describe
fully the problem.There are five principal
boundaryconditionswhich are used in the
mathematicaltheoryof heat conduction.In
what followsthe use will be made of the
conditionsgiven by Boley - Weiner (2).
Initial conditiondefinesthe temperature
distributionin t"-/:

(2)
0 0

where the point P is insidethe body and
T* is a given function.

In the case of a sandwichplatewith
orthotropiclayers,Eq.(1) can be written
for each layerseparately.Boundarycondi-
tions of two bodiesin perfectthermal
contact then hold true for the contact

surfaces z,=ts. Over the surfacesz.,- th
either the prescribedheat flux,the pres-
cribed surfacetemperatureor the convec-
tion boundaryconditionsare to be consi-
dered.Along ',heboundaryr of the plate,
the surfacetemperatureis usuallypres-
cribed.

( 1)
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Denote the temperaturedistributionPI'
in the upper layerby the symbol 7;4', in
the core by , end in the lowerlayer by

Derivingthe approximateformulationof
the heat conductionproblem,we followthe
same procedureas is used in the theoryof
homoserecusplates:

•
Faye functionsT; ( / = 1,2,3)continu-

ous end emoothin the correspondingdoma-
ins of definitionof the respectivefuncti-
ons ( / = 1,2,3).These functions-simi-
larly to the functions - defineobvious-
ly certainpiecewisesmOothfunctionT" in
the region (-h h ,R). substituting
functions7,7"insteadof intoequations

(1) writtenfor each layer,we find these
equationsgenerallynot to be satisfied,i.
e. the right - hand sidesof theseequati-
ons will ro more be zerosbut certainfun-
ctions,say (I = 1,2,3).We can now

speak of a piecewisecontinuousfunction45
definedby the followingrelations

/ /95,in the region (St1,-4..2)

g5(7#9.;E-02in the region(s._xi s/k)

\0.1in the region l-h-42",

Accordingto thisdefinition,we obviously
have

45(TI)= everywherein (-4=13 4k)
Now, the functionT" satisfyingthe condi-
tionsh

	

1.‘j; 0(7)A-4 (I-gOeverywhere (3),
-h in Q

may be expectedto be a goodapproximation
to the function .

functionsT" ( = 1,2,3)will be consi-
In the next step in the derivationthe

dered to be of the followingform

t(z-s)/6 b:FX,5 (4)

rt!
'

-54 S

r II
44.X"AJr

wherekj, kq.denotethe thermal conducti-
vities in the X, - directionof the faces
and the core, respect,d b are certain

functionsof the variablesx,, x, having
in R all necessaryconditions.With these
expressions,the conditionsof perfectther-
mal contactsin xj-ts planesare satisfi-
ed. The differentialequationsfor the fun-
ctions a , b are obtainedwhen applying
the conditions(3), i.e. the equations

Aidi (,.00 (5)
,.iIIi , II' 


Assume a step hest inputee:(if ) const-
ant in R , to be appliedover the surface
4j=h ( ).Then, substitutingfor
T"from (4) into (5),integratingwith

respectto 2.3 in correspondinglimits,and
employingthe conditionsof prescribedheat
flux in ri-th and of perfectthermalcon-
tact in r,•I's,we find that the governing
equationsread

	

. • /[4,7 id-zI /-A (22,) (6)
4

z
-DA 1-66 -

	

h2 hz

where to simplifythe writingthe following
symbolshave been introduced

p' 672

	

f Ai 2 az; ' fc fc(32-1 dzil

(8)

r-1IA(3-)4(N)(Zil)D=Pi-itP-A)3

The dots in (6)mean the timederivatives.
Analogicaltransformationsof boundarycon-
ditionsalong , and of initialcondition
(2) resultin

,*

	

6-1 along/7 (9)
and

d(0-44: (io')44' (10)

respectively,where

	 Afefr-r (11)
h #2L1(i-A)- j -A

44.1(

	

A'3 	 jt JCroft;

and denotesthe prescribedtemperature
along /7.

Eqs.(6)are partialdifferentialequati-
ons of parabolictypes.The solutionof
these equationswill now be shown for the

In such a case d , b are obviouslyfun-
ctions of one singleindependentvariable
- the time I* , and are easilyfound to be

case of an infiniteplate in x, , -plane.

d 	 t (12)

24Od#(1--A)dt

1-4201401 -lla 2,06011'
6-2re

6/-e
j)/(4

22

d=90' d
h , rep
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To illustratethe problemconsideran
infinitesandwichplatewith isotropicla-
yers undera uniformstep heat inpute
over the face , while the second
face is insulated.The initialtem-
perature for fo'.0 let be zero.

Substitutionof the appropriateparame-
ters

4 ''*= 4,0:-/, .te
(13)

of the exampleconpideredintoEqs.(12)re-
sults in

20r

	 1hd ---
d- .6=0-1(/-e )

where
it'

1--
4hrl

is a nondimensionaltime parameter.

Let us furthercalculatea certainquan-
tity /1/7jr.,)accordingto the generalfop-
mule

(16)

-6
with

d;=47a, 74/.6
711„ 2,

(17 )

	

where are Young'smoduliof elasticity,
the Poisson'sratios,and ori the

coefficientsof thermalexpansion.This
quantitywill be later calledthe thermal
bendingmoment.

Since
Lc (18)

a;-cc cf;- cr=



for isotropicmaterial,it followsfrom
Eqs. (16), (4), (14) that

_Air
T .614 3 cf

	

AM) 	 — (1-AIA/-1.
W17 4) d'

Limitingprocessto a homogeneousplate

d=d / a-at, 017(2O )

With thesequantitiesEqs.(4)reduceto one
single equation

(23)

and Eq.(19)reads

r
(7)-e

(24 )

tO

as

0.6

04

02

0.0
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Figure 2. Thermalbendingmomentaccording
to the presentpaper (heavyline)
and accordingto Boley-Weiner
(dashedline)

Nondimensionalplotsof the thermalmo-
ments Ar against r accordingto the
formula (24),and accordingto the formula
given by Boley-Weiner(2), reap.,are shown
in Fig. 2.




III. Thermoelasticproblem 

Formulationof the problem


In the first step in the developmentof
the theorycomponentsof displacementaw

(19) =1,2,3)are chosenin the following

formt

AA'stde, ,z

(1.,“//(2:17s) ,

(25 )

i•e•

r = /

leads to the relations

d. r h. (/-e, )

1/3-1/v

(21) in the faces,and

4.- 4.0 " z34., , 2) /13-1/3i (26)

in the core.Upper

holds true for the

(lower)sign in (25)

upper (lower)layer,(22)

t Cf the papersby the authorgiven in Ref.
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and 14 denotesthe ratioof core shearing
modulus and face shearingmodulus6' .

Yakinguee of the strain- displacement
relations,the componentsof strain ( ,

) are then found.Similarly,employ-. .
ing the stress- strainrelations,the com-
ponentscf stress ( , ) are arrivedat.

However,it is convenientin the platethe-
ory to deal with forcesand momentsper
unit lengthratherthanwith the stresses
themselves;thesenew quantitiesare now
definedby the formulae 4

	

dt =/- 6/, A, ',2 zi

(4, (,i-11; 4)
-h

Denoting
0 2 du, 07„,,

(28)

	

f =214,•-2- f = ( .7L° ) T ( ). • ot2 vt", / 84w./

#° iday
8ja


in#.0
/.'

" du,—1/- /D 	iek )2 dz, 


0Sh dy f Cs'
1C#17240.5 - (/.6.4AagS

/2/26,s - (t4 09.0.7

- 47,11zis(,$), /(/6.4,, :7yr) fz;:(„,4e

43- -36; - 0(;,‘,,r, )(/6 ags)j/ 6A-;

and further

	

h
.p4)

(30 )Tf "ekj-id(61,71,efes)
-4

z.1 lir (7,1 4.

-4

we obtainsimple relationsfor the quanti-
ties (27)

s„=-C,/° r S4= / 7/-°- od2—( (31) 


- , = ;
(31)

)

near theoryread
The conditionsof equilibriumof the li-

2

d./

211/
f:21,=
014/

2

/

I

e

/

1
2-

117-

=(2) 

old

transverse

The equations(32)implythe existence
of a stressfunction f(x,/x,) definedby
the relations

For plateswith isotropiclayers (35)redu-
ces to

	

74F-
11,1-A/272sr

(37)

where Fl denotesthe Laplacianoperator.

Similarly,Eqs. (33) implythe existence
of a displacementfunction cu( Arf,212) defi-
ned by the relations

-/ 2, ) (38)
the differentialequation

	

/CO
di!

7214,e
(39 )

in R ,an by properboundaryconditionst
along P •Symbols4,, in Eqs. (38),

(39) stand for certainpartialdifferential
operatorswhich can be foundin q). In the
case of isotropiclayers,the expressions
for theseoperatorsread simply

/-ii(o-4)F‘(,/7/-,8),4=-Xi4 ,(,=)
(40 )

t All the boundaryconditionsmentionedcan
be found in (3).

121
diA2

the differentialequation
(141-

— ,(24 )  f =H 071.0 a 13 dx 12 OX
1 2 1

4 4' rr "2A ell Cr
= P52d .x)jel (no(17' dx: jjlz

821

f

ax,ark
/ 4k = 1/ ( 34 )

(35 )

where

= Alicil/4"6.47'`//.4,t4;s)

4.7-/(421# s), 6;,(24,$)

where denotesthe eventual
(27) loading.

in k , and the properboundaryconditions
along r . The constants14;; in (35)are
expressedin terms 4 as follows

e (10,0
(29) - (-I) 43 A

(36 )
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4-(4/ so ll zi-(4,7i-tv(4,7s) (40) inertiainto account.rollowingBoley-Weiner
(2), the functioncd,will be called here
the staticsolution,similarly,the function
6)2will be referredto as the dynamicso-

lution.

It may thus be seen that the staticsolu-
tion uf satisfiesthe equation

In the presentproblemthe appliedlo-
ads consistentirelyof the negativeof,
inertiaforces,accordingto d Alemberts
principle;then

fi.-M1/3= -M 11y = -M736.1 (41)

providedthat only deflectionsin the z.3-
directionneed be considered.Symbolm*
representsthe mass of the plateelement
of height277

-
2(e/tds)
	 - 2(p?,‘joe'ss)

, 4- denotethe specificgravitiesof
the face and core materials,resp., 194' ,

jO ere the correspondingdensities,and
k the gravityconstant.The dots mean

again the time derivatives.

Insertingthe inertiaforces(41) into
Eq.(39),we obtain

	

Z4)--/114‘/ 6J."

2 d 2/t r (4 3 )

In additionto the boundaryconditions,
the appropriateinitialconditionsfor
/ 0 are to be given.Assume the follo-




wing form of these conditions

/
(j=r/° for pc8 (44)

3 '3 L'Jf 3 3 J 3

where 4 , Yj;representgivenfunctions
of z„ x, .

Solutionof the problem


The solutionof the problemdefinedin
the precedingSectionconsistsof the so-
lutionof plane stressproblemfor the
stressfunction F , and of the solution
of the plate problemfor the displacement
function w • These two solutionsmay be
derivedindependentlyof each other.Since
the first problemis formallyidenticalto
that of the theoryof planestressof ho-
mogeneousorthotropicbodiesand has been
discussedin many papers,we shall confine
our attentionto the solutionof the se-
cond problem.

The problemfor the displacementfuncti-
on L.,consistsgenerallyof a nonhomogene-
ous differentialequation(43),and of non-
homogeneousboundaryand initialconditi-
ons, resp.Becauseof the linearityof the
problemthe solutioncan be expressedin
the form

	

— o•I 2
(45)

where wi denotesthe usual solution,name-
ly one in which inertiaeffectsare disre-
garded,and w2 is the solutionwhich takes

/4)=
f

2

45:

y#r (46)
;

/a,

in )? and the given boundaryconditions
along r • The dynamicsolution cd2 satisfi-
es the differentialequation

	

L02-m 3w2 = (47)

in the region ,e , and the corresponding
homogeneousboundaryconditionsat the
boundary P • For t=O the functionco/
fulfillsthe initialconditionsaccording
to Eqs. (44), (45)

= .31°- w / = 1r-c (i for /1#=0 (48)
3 2 f 3 2 


Our problemthus reducesto two particu-
lar problems- the staticand dynamicone,
respect.The staticproblemis identical
to that of thermalbendingand is solvedin
(3); the dynanicproblemrepresentingfree
forced vibrationsof sandwichplatesunder
the pulsatingforce (41) has been solved
in (6).

IV. Example

To illustratethe solutionof problems
consideredassumea rectangularsimply-
supportedsandwichplatewith isotropicla-
yers occupyingthe space

(49)ir /21 zh, , 3

with the boundaryf ( = , ,
i= 1,2) and x3=24, respect.A step heat
input s4' , constantin k , is assumedto
be appliedover the face zi- 4 , while the
face 23---h is insulated.Initialdeflection

velocity 4 , and temperature7,;-°
of the plate let altogetherequal zero.

In the precedingArticle,we have found
that the thermalbendingmoment Afr(r)due
to the temperatureconsidered18 given by
Eq.(19).Oncethe quantity Afr(r)has been
found the particularsolutionsof the sta-
tic and dynamicproblems,resp.,can be
sought.

The staticproblemis definedby the dif
ferentialequation(46),the relations(40)
and by the boundaryconditionsof simple
supporting.In (3)wehave shown that this
formulationcan betransformedinto a more
convenientform,namely,

= mr (50 )

in f. A)4-fi, and

(42)
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lems of free forcedvibrations.In (5_)we
(51) have foundthe naturalfrequencies7m,

.of the plateunder considerationto be as
follows

I"' , 21 	 4D11 13 	 f
,(„„,), mdf

along /7 , the solutionof which is found
to be

8269,-43) B

D /417
(m,o odd) (52)

16 4 2

nin(n2 24/r/ n9

Mit/ . 217,
/  10

Accordingto (3) the reducedform of o-

with simplysupportededgesand isotropic
perators , 4, in the case of a plate

layersis

L=B0- 4gi = -
d

—(0 v-g) 4 = 7'-s (54)
=

Z.
a# g D.

(.= 2)
st

The staticpart of the deflectiona.r is
obtainedin the form

The dynamicproblem18 now definedby
the differentialequation(47)whichwith
respectto Eqe.(52),(54)yields

Zea,-/41/1452. =/ 2710/7)--IT„ ,m/1 / (m, /7 odd) (56) •

in the reiaon , and by boundarycondi-
tions

= FL, = (57)

at r • For /"=0 the initialconditions

Z =.1 2 


- 641) amn / (0,,n add)
inn

take place.Denoting

r
/Deo'

(59 )

and furtherby

r) / .?Irlh3 6
ir i

i (60)
ilY - (/-/i) J7

( "m"/0.=1/41 0 or 4

the time derivativeof Alr et tf-0 , Eqs.
(58) can be rewrittento the form

1 ed-0
/ /

z 4./=-019. Z a r- (1/7a616) (61)ilu) /0/7i 1  
Me

The presentproblemis solvedin the ve-
ry same manneras used in isothermalprob-




Expandingthe function fd,into an infinite
series in eigen-functions

 
mn

substituting(64)into (56),we arriveat
the equations

, 1 - T„„,_7ff

	

= 78 (Ali odd)(65)
/./IP/7

becauseof the relations

(NTT = - lif9•peo -7/I
- /0/1 (66 )

jpl

/ =(072,,,x2,12,1#, /no /2

	

li fiNV Drfil/7)n if
/ Pmn PeinIrM/) /77 / 0 7-/M/7 ifr/77/)0#

the last of which impliesthe fact 0"49is

the eigen-valueof the problemconsidered.

The generalsolutionof (65) can be ex-
pressedas follows

(67 )

( /7 aid)

where d„ , hmo are certainconstantsto be
calculatedfrom the initialconditions(61).
Making use of theseconditions,we obtain

eied) (68)d -/
AV? /

Vith these resultsEqs.(54),(64), (67)
yield the dynamicpart of the deflection

7 	 lir 7
g • u Inaany., 7„ 72 (e 7f//1 )

J 2

(i77, /2 oo(d)

Summarizing /?; and 16o the totaldeflec-
tion u3 is obtained.

where

arn,„-

le/n/7

(6 2 )

S12

The correspondingeigen-functions(natural
modes of vibrations)representthe functi-
ons accordingto Eqs.(53).The eigen-


(53) values p(m) of the problemare given by
the simpleformula

/774.,2

(58) -e
- aNn	 7 (//) Ye,d.etv-r7.41°:`4',7.112,

72.1.w, 0
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V. Conclusion


At conclusionlet us analyzethe results
obtainedin the precedingArticle.Denoting

a. "We 1.11 (70)

Plaz

we can write

md„ = ma, ujit (71)

In orderto gain a betterinsightinto the
significanceof the parameteri9 let us

now consider,withoutany loss of generali-
ty, an infinitestrip in the x, -direction.
By performingthe appropriatelimitingpro-
cess, we obtainfirst

/4 -Da (72)
3 Odd) , 7/ _

and denoting

2h D- 43
- )0 4

further

_ 322 5-7-f ) 71 Ia /3 4• 4/D I

1 (73 )(tos m

I

,A
Bo Jr. D

M PO mit )
A0 ,

provided

(74)

The time parameter 6 corresponds,to a
practicallystationaryvalueof e/is.'; the
followingvalue can be adoptedfor this pa-
rameter

- arefo
41DJr'

(75 )

The function 4(4) accordingto (73), (75)
can often be approximatedby a piecewise
smooth curve

/
foreq_111(76

- 4 (t-a73.575/7-ilfor afgo.

26-4 for Bo

If anotherlimitingprocess,namelythe
transitionto a homogeneousbeam is perfor-
med, a comparisonbetweenthe resultsof
the presentpaper and of Boley-Weiner(2_)
can be made. Nondimensionalplots of redu-
ced valuesof deflection

A, a, at =- 	

	

3 /.92.earr
f

accordingto the presentpaper (heavyline)
and to Boley-Weiner(2) (dashedline)are
shown in Fig.3. It is seen that the dynamic
solutionoscillatesabout the staticone in
a very similarmanner
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Figure 3. Deflectionof heatedplate accor-
ding to presentpaper (heavyline)
and accordingto Boley-Weiner
(dashedline)

Collectingour resultswe concludethat
the effectof inertiais to be taken into
accountwheneverthe characteristicparame-
ter

7ll 	

7 47214,/2)D

of the sandwichplate is loweror equal to
three.Even in the cases 3b 4 this
effect seems to be worth noting.The signi-
ficanceof this effectcan be evaluatedby
means of the formula(71) with LV instead
of 2 . With certainamountof inaccuracy
we can say that the effectof inertiawill
be considerablein the case of relatively
(small ) or absolutely(small h )
thin plates,or in the case of plateswith
very thin facings.
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