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Abstract

Thispapersummarizestheresearcheffort,both
theoreticaland experimental,thathasbeen reported
sincethe 1954surveyby Lawrenceand Flae and
indicatessomeof the promisingideasfor future
progres0in the subjectof wing-bodyinterferenceat
supersohicspeeds. Sameearlymethodsand results
are comparedto computer-orientedmethodsfor obtain-
ing solutionsto wing-bodyinterferenceproblems.
The problemof assessingtheaccuracyof methods
basedon lineartheoryis introduced,and the impor-
tanceof nonlineareffectsis discussed.Proposals
foraccountingforvariationsfromlineartheory
withouttakingthe fullstepto exactsolutionsare
reviewed.

Introduction

Whena proposedaircraftor missileis in the
preliminarydesignand developmentphaseit is nec-
essaryto havefairlyaccurateestimatesof the aero-
dynamicloadingthatwillbe encounteredduring
flight. The costof Obtainingsuchinformationfrom
extensivewind tunneltestshasalwaysbeen highand
seemsto increasegreatlywitheachnew project.1
The slowingor reversalof thistrendliesin the
developmentof theoreticalmethodsforpredicting
theaerodynamiccharactristicsof proposedvehicles.
Thereis a largebody of literatureon theaerody-
namicsof wingsandbodiesbut a relativescarcity
of methodsforpredictingthe interactionbetween
thesecomponents.The earlyworkof Ferrari,
Nielsen,and otherswas in somerespectsdiscourag-
ing,sinceit indicatedthatgreatamountsof analy-
sisand computationwere requiredto obtainsolutions
for eventhe simplestconfigurations.The work of
thiserawas verywell summarizedby Lawrenceand
Flax in their1954surveyarticle.2At thattime
the subjectseemsto haveentereda somnolescent
periodfromwhichit has onlyrecentlybeenaroused.
The new interestis due,of course,to the availabil-
ity of powerfulcomputingmachineryto automatethe
extensivenumericalwork thatappearsinherentin
the solutionof a problemof thiscomplexity.

Notation


a radiusof cylindricalbody

aim speedof sound

aij aerodynamicinfluencecoefficient

pressurecoefficient

f2n functionsdenotingthe axialvariationof
the 2nth Fouriercomponentof velocity
inducedan thebodyby thewing

Laplacetransformof fan

modifiedBesselfunctionof order2m2n


derivativeof themodifiedBesselfunction
of order2n

MachnuMber

coordinatein directionof outwardnormal

(ni),,(ni)y,(nOz componentsof the outward

normalvectorto panel i

Incrementin pressurecoefficientdueto
angleof attack

(4)j pressuredifferentialacrosspanel j

dynamicpressure

r,e,x cylindricalcoordinatesystem,x parallel
to freestream

Re ReynoldsnuMber

Laplacetransformof x coordinate

u,v,w perturbationvelocitycomponentsin the x,
y, and z directions

magnitudeof localvelocity
[If = (u. n)2 v2 w21

U. freestreamvelocity

perturbationvelocitynormalto defining
surfaceof panel i

radialcomponentof perturbationvelocitywradial
(viadial= w2 w2)

specialfunctiondefinedin Ref.52

•

n

x,y,z cartesiancoordinatesystem,x parallelto

freestreamvelocity,seeFig.1

x' x-coordinatewith xl = 0 takenat leading
edgeof wing

Xij x-componentof velocity
by unitloadon panel

inducedon panel i

a angleof attack

Mr-f-7-1

ratioof specificheats

TI ratioof distancefrombody centerlineto

wing semispan

variableof integration

9 perturbationvelocitypotential
9 (k) body-alonevelocitypotentialgeneratedby

kth stepin iterativemethod

Laplacetransformof cpi(transformon the
x-coordinate)



interferencevelocitypotential(transform
method)

wing-alonevelocitypotential(transform
method)

wing-alonevelocitypotentialgeneratedby
kth stepin iterativemethod

GeneralProblemof Wing-BodyInterference

Thewing-bodycoMbinationperturbsa uniform
freestreamof velocity U. parallelto the x-axis
(Fig.1). The perturbationvelocitiesin the x, y,

FIGURE1. COORDINATESYSTEM

and z directionsare labeled u, v, andw, respec-
tively. In most of the investigationsreportedhere,
it hasbeennecessaryto usethe equationsof gas-
dynamicsin the linearizedformalthoughsomeof the
numericalmethodsto be describedare freefromthis
limitation.The generaldbjectiveis the develop-
mentof computingproceduresthatare applicableto
a widevarietyof configurations,rapidand straight-
forwardin application,and sufficientlyaccurateto
be of use in the designand analysisof practical
airplanedesigns. In many investigations,it has
beennecessaryto restrictthegeometryto a spe-
cificconfigurationin orderto simplifythe
analysisto a pointwherenumericalresultscouldbe
obtained.

ComvutingMethodsBasedon Linearized

Equationsof Flow

The IterativeMethod

In solvingcomplexproblemsin aerodynamics,it
is the usualpracticeto exploitpreviouslyderived
resultsto as greatan extentas possible.In solv-
ingproblemsin wing-bodyinterference,a logical
firstapproachis to determinehowa solutioncould
be constructedusingthemethodsdevelopedfor iso-
latedwingsin conjuntionwithmethodsdeveloped
for isolatedbodies. The wing-alonesolutionwill
satisfythe conditionof tangentialflowan the sur-
faceof thewingbut not on thebody,and viceversa
forthebody-alonesolution.In the iterative
method,thesewing andbody solutionsare usedin
alternatesteps. In eachstepa flowfieldis cre-
atedthatexactlycancelsthe velocitycomponentsof
the previousstepthatpenetratethe surface.In
mathematicalterms,thevelocitypotentialof the
configurationis expressedas a sum

TN =
((k)

T(10)

k=o

The termscorrespondingto k = 0 in the summation
are thewing-aloneandbcdy-alonepotentialsforthe

isolatedcomponents.Subsequenttermsin the sum
satisfyboundaryconditionsfromthevelocityflow
fieldof the previousterm. For example,
satisfiedtheboundarycondition

a4k) 64k-1)

on thewing
an 6sa

and Tik) satisfies
a4k) 24-1)

an - an

&ere a/an signifiesdifferentiationwithrespect
to the directionof the outwardnormalvector. The
processwill eventuallyconverge,althoughit has
neverbeen carriedout forternshigherthan k = 1
becauseof the lengthanddifficultyof the numeri-
cal computations.It is implicitlyassumedthat
thereis availablea wingprocedureand a bodypro-
cedurefor solvinglineartheorywitharbitrary
boundaryconditions.In theoriginalpaperan this
subject,8Ferrariproposedthe use of multipolesfox

the solutionof mik) anda Fourieranalysisof the

spanwiseloaddistributionforthe determinationof

m(k). Theseparticularchoicesare appropriateonly

to the caseof highaspectratiorectangularwings
of zerothicknessmountedin themidwingposition.
The adaptationof thismethodto moregeneralcon-
figurationsdoesnotappearfeasiblebecauseof the
lackof satisfactorycomputingproceduresforthe
isolatedcomponents.

The TransformMethod

At eachstepin the iterativeprocedure,the
wing flowfieldgeneratedis exactlythatwhichwill
cancelthe flawthroughthewing inducedby thebody
of the previousstep. If it turnedoutthatthe
flowthroughthe wingat any stepwere zero,the
correctionrequiredwouldalsobe zeroand the
serieswmuldterminate Forthe specialcaseof a
wingnominallyin the z 0 (horizontal)planeon a
body of revolutionat zeroangleof attackthiscon-
ditionof zeroflowcanbe satisfied,4therebygiv-
inga completesolutionin a finitenuMberof steps.
This specialeaseis notas restrictedas it might
appearbecausethe generalcaseof a wing-bodycoMbi-
nationat angleof attackcanbe decomposedintotwo
separatesolutions- onewiththebodyaloneat the
desiredangleof attackand anotherwiththebodyat
zeroangleof attackandan appropriatedistribution
of wing incidence(seeFig.2).

FIGURE2. DECOMPOSITION'noSIMPLER

COMBINATIONS

The caseof the cambered and twistedwing on a
bodyat zeroincidencein analyzedby considering
theperturbationvelocitypotentialthe sum of two
parts: cpv due to thewingaloneand 9i due to

•

Tv

(k)(Pw

on thebody
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interference.As in the iterativemethod,it is
assumedthata procedureis availableforthewing-
alonesolution.This flowfielddue to the wing
alonewillproducea velocitycomponentnormalto
thebodyand thereforewillviolatetheboundary
conditionon thebody. The requirementthatthe net
radialvelocityof the combinationmustbe zeroon
thebodyprovidestheboundaryconditionforthe
interferencepotential,namely,

r = a

Up to thispoint,the procedureis identicalto that
of the iterativemethod,but nowan additional
requirementis addedto ensurethatthe interference
flowfieldmusthave zerodownwashin the planeof
the wing. Statedmathematically,

(r,O)= 0 , r > a

Thisconditioncanbe satisfiedby assumingthatthe
interferencepotentialcanbe expressedas a Fourier
cosineseriesat eachlongitudinalstation

pi(r,e,x)= irn(r,x) cosne

n=o

Sincethevelocitydistributionmusthaveright-left
symmetry,all odd-numberedtermsin thisseriesmust
be zero. One mustalsonote,however,thatthe
assumptionof a cosineseriesimpliesthatthe
radialvelocitywill havean evenvariationwith e.
This is thevelocitythat is to cancelthewing
velocities,and thereforethe radialcomponentof
velocityinducedby thewingmusthavean evenvari-
ationwith e. This is trueonlyforthewingthick-
nesscaseand not fora thinliftingsurface.
However,if the leadingedgeof thewing is super-
sonic,the upperand lowersurfacesof the lifting
wingconfigurationmay be analyzedseparately.If
the leadingedgeof thewing is subsonicthenonly
thewingthicknesscasecanbe solvedby thismethod.

To completethe solution,followingNielsen's
development ,5 theproblemis transformedby use of
the Laplacetransformationappliedto the x-variable
(x is parallelto free-streamvelocity).The trans-
formof thepotentialis alsoa cosineseriesof
evenmultiplesof 0 and a generalsolutionto the
transformedpartialdifferentialequationis shown
to be givenin termsof modifiedBesselfunctions.
Tbe boundarycondition
60i

(a,e)= - (a,e) —7) cos 2ne
a

n=o
suppliesthe finalsolution

0 (s r 0) =
, ,
K211(sr)

F(s) ----r—rcos2n0

sK' ks)2n

n=o

where F2n(s)is theLaplacetransformof f2n(x/3a).
The inversionof thisequationis accomplishedby
use of the so-called"W functions"definedby

W2n(x,r)
. x-1 [es(1.-1)K2n(sr)

RIT°-- r

n=0,1,2"

The solutionto the problemcanbe written

pi
- Tx

n=o

a

The W functionsare tabulatedup to Wio in Ref.6.
Froma computationalpointof view,one firstdeter-
minesthe wing-aloneflowfield,fromwhichone
dbtains dpw/6r(a,e,x).At a fixedvalueof x, the
velocityis analyzedas a Fouriercosineseriesand
the coefficientsof thevariousharmonicsare the
functions fo,f2,f4,. . . . Thesefunctionsare
used in carryingoutthe integrationshownin the
solutionabove.

Thismethodhasbeenappliedto the problemof
a symmetricalnonliftingwedge-sectionwingmounted
on an infinitecylindricalbodyat zeroangleof
attack. The wing of rectangularplanformwas ana-
lyzedby Nielsen,5and deltawingswere analyzedby
Randall7andby Chanand Sheppard.8Nielsenalso
obtainedsolutionsfortherectangularwing-bodycom-
binationat angleof attack. In general,fourterns
in the infiniteserieswere foundto givesatisfac-
toryconvergenceexceptnearthe leadingedgeof the
ving. Here,the seriesconvergesso slowlythatthe
resultis of no valueandthe pressurein this
regionmustbe dbtainedby extrapolation.

The transformmethodis a quitesatisfactory
way to obtainsolutionsforthe caseof symmetrical
wedge-sectionwingsof rectangularor deltaplanform
at zeroangleof attack. A nuMberof casesare pre-
sentedin Ref. 8; by interpolationane may obtain
solutionsfor othercoMbinationsof sweepangleand
Machnutber. The extensionto the liftingcase
wouldrequirethe computationof dpwAr fora
twistedwing sincethebody-inducedupwashvaries
acrossthe span. Thisdifficulty,plusthe factthat
wing solutionsare not availableformany configura-
tionsotherthanthe rectangularand deltaplanforms,
has discouragedthe developmentof thismethodas a
designtool. A furtherdeficiencyis the factthat
the solutionis validonlyup to the trailingedge
of thewing and cannotbe usedto computeafterbody
loadings.

PanelMethod(AerodyncmicInfluenceCoefficients)


In the discussionof the iterativemethodand
the transformmethod,itwas statedthat one of the
principaldeficienciesforpracticaluse was the
lackof solutionsforwingalonewhenthe localangle
of attackvariesin a complexfashionoverthewing.
Thereare numericalliftingsurfacetheoriesavail-
able9that couldbe usedforthis calculation.
Insteadof usingsucha theoryin conjunctionwith
eitherthe iterativemethodor the transformmethod,
a completenumericalwing-bodyprocedurecanbe for-
mulatedthat is freeof the restrictionsand limita-
tionsof eitherof theseothermethods. The proce-
dure outlinedhere formsthebasisfora computer
program10,11sponsoredby NASA-Amesand madeavail-
ableto theU.S.aviationindustry.

Numericalliftingsurfacetheoriesfor super-
sonicapplicationhavebeenprimarilyof the "box"
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or "panel"type - thatis,theconfigurationis sub-
dividedintoa largenuMberof panelsthatcoverthe
surface(Fig.3). The assumptionis madethatthe

FIGURE3. TYPICAL PANEL LAYOUTFOR WING-BODY

COMBINATION

continuousfunctionsrepresentingthe pressure,sur-
faceslope,velocitycomponents,etc.,maybe approx-
imatedby functionsthatare constantovereach
individualpanel. In thisway,the stepsin the
analysisthatwouldrequiretheapplicationof calcu-
lusand differentialequationsnowrequireonlysim-
ple arithmeticand linearalgebra.Theseprocesses
lendthemselvesverywellto automaticcomputation.

Thebasicbuildingblockforthe solutionby
panelsis the solutionforthe inducedvelocityat
all pointsin spacefor a giventhinliftingpanel
of constantpressuredifferential.The solution
mustbe givenas one of a nuMberof differentcases
dependingon the positionof leadingand trailing
edgesrelativeto theMachlines;theseare tabu-
lated10and havebeenprogrammedforautomaticcam-
putation.11Supposethe panelsarenutberedfrom1
to N. For eachpanel,saynutber j, define Xij
to be the x-componentof velocityinducedon
panel i by a unitloadon panel j (unitloadmeans
(6p)j/q= 1. Then,if the panelsactuallyhavepres-
suresof (601, (4)2, • • • , (6P)1 acrossthem,
the x-componentof velocityon panel i is foundby
summingall of the individualvelocities.

= 1,2, . . .,N

j=1

Similarequationsare developedforthe y- and
t-componentsof velocity.These3N equationsare a
solutionto the wing-bodyinterferenceproblemwhere
thepressuresare givenand it is desiredto find
the inducedvelocities(andhencethe shapeof the
configuration)at eachpointon the surface.How-
ever,it is the inverseof thisproblemthatis of
interest,and to solvethisproblemtheboundarycon-
ditions'metbe formulated.In general,if the
vector ni thatis normalto panel i is resolved
intocomponents(ni)x,(ni)y,(ni)z,thenthebound-
ary conditionto be satisfiedis

(ni)x(ui+ U.) + (ni)yvi+ (ni)zwi= 0

= 1,2, . .

On thewing,one usuallyassumesthat (ni)y is
negligibleand that ui << U.. Theboundarycondi-
tiontakesthe form

(ni)xU. + (ni)zwi= 0


or

w i _ (ndx dz (localsurfaceslope)
U. TT.T; dx (wingpanels)

On thebody,theboundaryconditionmaybe written
in cylindricalcoordinatesas

(ni)x(ui+ U.) + (ni)r(vradial)i= °

sincethe normalvectorto a body of revolutionhas
no 0-component.Therefore,

(v ial)i
 -1211)-.'41 (localsurfaceslppe)U. kni,r dx
(bodypanels)

Thesetwoboundaryconditionscanbe writtenas a
singleequation

= (localsurfaceslope)iU.

where representstheperturbationvelocity
(scalar)normalto thenominaldefiningsurfaceof
the configuration.Thispointis frequentlyconfus-
ingand requiresfurtherclarification.The wing-
bodygeometryis definedat somereferencecondition;
usuallywingandbodyat zeroincidenceand no cam-
ber or twiston thewing. The introductionof Inci-
denceis doneby givingvaluesof localsurface
slopeat eachpanel. The positionof the panelis
assumedunchanged.Thisis a commonpracticein
wingtheory,wherebytheboundaryconditionsare
appliedat a nominalpositionratherthanat the
actualposition.So,thevelocity j representsa
velocitynormalto thisoriginaldefiningsurface,
notthe actualsurface.

For a givenpressuredifferentialon any panel,
saypanel j, thereis a certainvelocityinduced
normalto the nominaldefiningsurfaceof every
otherpanel. By lineartheory,thisvelocityis
proportionalto (6p)j and is relatedby a propor-
tionalityconstantaij.

(AP)
() inducedby panel j = aij U.

The totalvelocityat panel i inducedby all the
panelsis

auj
(613)iq u, i = 1,2, . . •,N

j=1

Thenondimensionalproportionalityconstantsaij
(i = 1,2, . . ., n; j = 1,2, . . ., n) are calledaero-
dynamicinfluencecoefficients.Theydependonlyon
therelativelocationof the panelsand theMachnum-
ber. The equationsabovecanbe compactlyarranged
in matrixnotationso thatthe techniquefor solu-
tionbecomesapparent.Forthe so-called"direct
case"wherethe localpressuresare given,the square
matrix A of aerodynamicinfluencecoefficientsis
post-multipliedby thematrix Cp to givethematrix
of localsurfaceslopes. For the inversecasewhere
the localslopesare given,theproblemis to solve
N simultaneouslinearequationsforthe N unknowns
Cpi, Cp2, . . CpN (Fig.4).

Ui =

4



FIGURE4. MATRIXFORNULATIONOF PANELMETHOD

This is a greatlysimplifieddescriptionof the
computerprogramdescribedin Refs.10 and 11. A
nuMberof additionalfeaturesare incorporatedIn
the completeprogramto improvetheaccuracyand
decreasethe tineand storagerequiredfor solution.

This computerprogramis a directand straight-
forwardmethodforthe solutionof wing-bodyinter-
ferenceproblemsby use of lineartheory. Thereare
virtuallyno restrictionsas to the complexityof
geometrythat canbe treated. The panelmethodis a
veryversatileprocedure,but itsaccuracyis Inher-
entlylimitedby the use of the linearized
differentialequationsof flow.

ComputingMethodsBasedon Exact

InviscidEquationsof Motion


Finite-DifferenceMethods


Finite-differencemethodshavebeen employed
with considerablesuccessin theanalysisof ane-
and two-dimensionalproblemsin fluidmechanics.
The successof thesemethodsin twodimensionshas
led to a nuMberof proposalsforextendingthemto
three-dimensionalproblems.At thistime,thereare
no resultsthatapplydirectlyto the problemof
wing-bodyinterference,but the fieldis veryactive
and, in all probability,resultswillbe forthcoming
in the nearfuture.

Finite-differencemethodsarebaseddirectlyon
the continuity,momentum,energy,and stateequa-
tionsand thereforedo not requirethe assumptionof
a velocitypotential,or the variousassumptions
requiredto linearizethe equationsof motion,as
was necessaryin the previouslydescribedmethods.
In the regionof interest,a rectangularnet is
definedand the solutionconsistsof a tabulationof
the flawvariablesat thesepoints(Fig.5). The

1 2 3 4 5 6 7 8 9

FIGURE5. FINME DIFFERENCEMETHODS

differentialequationsthatdescribethe flaware
convertedto differenceequations,and the solution
is carriedout in a logical,step-by-stepmanner
similarto methodsused in the solutionof initial-
valueproblemsin ordinarydifferentialequations.
Theseproblemsare nearlyalwaysformulatedas
unsteadyproblemsand carriedto largevaluesof
timeto obtainthe steadysolution.

It mightbe supposedthatsolutionsof this
typemustbe basedon the Eulerianfarmof the equa-
tionsof motionbecauseof theuse of a fixednet.

Actually,one of themostsuccessfulfinite-
differencemethodsemploysa Lagrangianformulation
forthe time stepsin the computation.Aftereach
timestep,the flawvariablesat the fixednet
pointsare obtainedfromthe distortedLagrangian
netby interpolation.Thisapproach,whichincorpo-
ratesthe best featuresof boththe Eulerianand
Lagrangianequations,is thebasisfor the
particle-in-cellmethod.12

In spiteof the rapidlyincreasingnuMberof
applicationsof finite-differencemethodsto two-
dimensionalproblems,the extensionto threedimen-
sionsis a formidableproject.An adequatedescrip-
tionof the boundaryconditionsin a wing-body
intersectionregionwouldrequirea ratherfinemesh
and a correspondinglylargeamountof computertime
and storage. It appearsthatthe successfUlapplica-
tionof finitedifferencemethodsto problemsof
wing-bodyinterferencewillrequirecomputersof
muchgreaterspeedand capacitythanthoseavailable
today.

Methodof Characteristics


The conclusionreachedregardingfinite-
differencemethodsprobablyappliesherealso.
Whilethe extensionof themethodof characteristics
to problemsof threeindependentvariableshasbeen
proposedmanytimes,anlysincethe introductionof
moderncomputershasthe proposalreceivedserious
consideration.A numberof investigatorsare pre-
paringgeneralpurposecomputerprogramsemploying
the 3D methodof characteristics(3DMoC);Refs.13,
14, and 15 are, in effect,progressreportsan these
aMbitiousprojects.

It is debatablewhetherthe finite-difference
or the characteristicsmethodfirstwillbe applied
to theproblemsof wing-bodyinterference.Even if
the use of thesemethodsas designtoolsappearsto
be sometime in the future,the solutionof evenone
or two specialcasesinvolvingthinwingson sharp-
nosedbodieswouldbe of greatvaluesinceit would
indicatethe magnitudeof the errorinvolvedin the
linearizationof the flawequations.

ComparisonsBetweenDifferentMethods


The methodof finitedifferencesand the method
of Characteristicsarebasedon flindEurentalgas-
dynamicequationsinsteadof the approximatelinear-
izedequationsof flaw. Whenthesemethodsare
developedto the pointwherea configurationas com-
plexas a wing-bodycoMbinationcanbe treated,they
willrepresentthe ultimatein accuracyamongmethods
thatsolvefor inviscidflaw.

As noted,the iterativeand transformmethods
requiresuchextensiveanalyticaltreatmentthat
theirapplicationto anybut the simplestconfigura-
tionsis virtuallyimpossible.The transformmethod
is particularlyhandicappedby the inabilityto
handleconfigurationswithsubsonicleadingedges
and to predictafterbodyloadings.Althoughthe
iterativemethod,in principle,canbe usedon any
configuration,the problemsof accountingforwings
thatare effectivelycamberedand twisted,andbod-
iesthatare highlydistorted,virtuallydictatethe
use of numericalmethodsforall iterationsother
thanthe first. Evengrantingthe availabilityof a
numericallifting-surfacetheoryforthewarpedwing,
thebodyboundaryconditionsare likelyto be so
irregularthata largenumberof termswillbe
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requiredif the techniqueof Fourierseriesanalysis
is to be used. Onlythe specialcaseof the lifting
wing in the e = 0 planeappearsto be tractable.

None of thesedifficultiesappliesto the panel
method. Thismethodis the onlyoneof the linear
theorytechniquesthatexploitsthe capabilitiesof
moderncomputingequipmentto providesolutionsfor
a verygeneralrangeof configurations.Sincethe
panelmethodisby farthe easiestandmostrapid
methodforall thosepresented,it is recommendedas
themostusefulmethodforobtainingsolutionsto
the linearequationof supersonicflaw. The method
applieswith equaleaseto configurationsof arbi-
traryplanformwith camberedandtwistedwings,
camberedandboat-tailedbodies,subsonicor super-
sonicleadingand trailingedges,etc. In addition,
thepanelmethodcanbe usedfortheanalysisof
certainnonplanarconfigurationsthatrelyon inter-
feringflowfieldsforthe establishmentof
interestingar desirableaerodynamiccharacteristics
(Fig.6).

FIGURE6. NONPLANARINTERFERENCECONFIGURATIONS

In recommendingthismethod,it is appropriate
to make comparisonswithpreviouslypUblished
resultscomputedby the transformor iterative
methods. Ferrari'sarticleon interactionproblems18
includesa numericalexamplegivingthe solutionfor
a rectangularwing on a bodywithan ogivalnose.
This configurationhasalsobeenanalyzedby the
panelmethod. The spanwisevariationof pressure
coefficienton the uppersurfaceof thewingas
computedby the two methodsis shownin Fig.7.

increased,the inboardportionof thewing increases
itspressureloadingmorethanthe outboardportion.
The upwashinducedby thebodydecreaseswiththe
radialdistanceframthebody,and the inboardpor-
tion of thewing effectivelyis at a higherangleof
attack. Withintheregionboundedby a Machline
fromthe leadingedgeof thewing-bodyjuncture,the
wing pressuresaremodifiedby thepresenceof the
body. The effectsof the finitenoseand induced
upwashare predictedidenticallyby the twomethods,
but the pressuresin thewing-bodyjunctureare not
in suchgoodagreement.A furthercomparisonof
thiseffectwillbe shownlater.

A nukberof resultsforthe transformmethod
using W functionshavebeenpUblished.The case
of the rectangularwingwas includedin Nielsen's
originalpaper.5 Chanand Sheppard8havegiven
resultsfordeltawingsof variousvaluesof leading-
edgesweep. Randall7alsohas pliblisheda result
fora subsonicleading-edgedeltaplanform.All
thesewingsare,of course,mountedin themidwing
positionon infinitecylindricalbodies. The
resultsforthewingswithsupersonicleadingedges
maybe interpretedas eithera symmetricalwingwith
wedgesectionor a thinliftingwing on a bodyat
zeroangleof attack. The subsonicleading-edge
resultscan onlybe appliedto thewingthickness
case. A representativesampleof theseresultsand
the correspondingresultsfromthe panelmethodare
presentedin Figs.8 and 9.

TOP MERIDIAN

8. 0 (WING BODY JUNCTURE)
3

2
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FIGURE8. COMPARISONOF THE PANELAND TRANSFORM
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FIGURE7. COMPARISONOF THEPANELAND
ITERATIVEMETHOEG

The figureshowna numberof interestingfea-
turesof the phenomenonof wing-bodyinterference.
For example,at zeroangleof attack,thereis a
spanwisepressuregradientalongthe leadingedgeof
thewing. Thin is due to the finitenosean the
body. Nearthe tip,the flowis deceleratedand
hencehas a higherpressure,whilenearthe root,
the flowis acceleratedand hasa lowerpressure.
As the angleof attackof the configurationis

FIGURE9. COMPARISONOF THE PANELAND TRANSFORM

METHODS- WINGPRESSURES

The pressurein thewing-bodyjunctureof the
configurationwith therectangularwingat angleof
attadkhasbeen computedby all threemethodsand
the comparisonis illustratedin Fig.10. The panel
methodand transformmethodare in closeagreement,

--TRANSFORm METHOD
--PANEL METHOD
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x/Ba
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2 3
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whilethe iterativemethodgivessubstantiallydif-
ferentresults.The resultshownforthe iterative
methodis onlythe resultafterone iteration,and
not the asymptoticresultof a largenumberof itera-
tions(a resultthathas neverbeen computed).From
the comparison,it maybe concludedthatapplication
of the iterativemethodwouldrequireseveral
iterationsforproperconvergence.

Vgla

FIGURE10. PRESSUREIN WING-BODYJUNCTURE

BY THREEMETHODS

ComparisonsBetweenTheoryandExperiment

LinearTheory


the paneland iterativemethods. The experimentand
theoryare in nominalagreement,but the nonlinear
variationof pressurewithangleof attackis quite
apparent.A givenflow-deflectionangleproducesa
greaterpressurevariationin compressionthan in
expansion.

Figure12 showsthissameeffect. Thismodel

was run at NASA-Ames5 and is similarto the Cornell

0
-.8 0 .8 1.6 2.4 3.2 4.0 4.8 0 .5 1.0 1.5 2.0 2.5 3.0 3.5

S/Ba

FIGURE12. COMPARISONBETWEENTHEORY

AND EXPERIMENT
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	3
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d
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Fromthe good correlationbetweenthepanel
methodand the transformmethodon simpleconfigura-
tions,it maybe concludedthattheresultsof the
panelmethodare goodapproximationsof exactsolu-
tionsto the linearizedequationof flow. Next,it
is necessaryto determinethe accuracyof the dif-
ferentialequationitself. In theabsenceof any
resultsfromthe methodof characteristicsor finite
differencemethods,the onlydatafor comparisonare
experimentallymeasuredpressures.Again,thereis
a shortageof publishedwind-tunneltestsin which
the modelhasbeen instrumentedto provideinforma-
tionon thephenomenonof wing-bodyinterference.
Fromthoseavailable,threetestshavebeen selected
to illustratethe comparisonbetweenexperimentally
and theoreticallydeterminedpressures.

The firsttestvas runby the CornellAeronauti-
calLaboratory.The modelwas of the configuration
shownin Fig.7 - that is,a rectangularwing of
aspectratio5.7mountedin themidwingpositionon
a bodywithparabolicnose. In Fig.11,a compari-
son is madebetweenthe experimentalresults
obtained17 and the theoreticalresultscomputedby

FIGURE11. UPPERSURFACEPRESSUREDISTRIBUTION


model,althoughthe aspectratioand diameter-to-
spanratiodifferconsiderably.In theseplots,the
pressureis givenin termsof the parameterP,
whichrepresentsthe differencebetweenthe pressure
coefficientat a givenangleof attackand at zero
angleof attack. The theoreticalresultsshownwere
computedby the transformmethod.5 Fromthe develop-
ment of the theoryof thetransformmethod,it can
be seenthatthe parameterOP/a shouldbe indepen-
dent of angleof attackandMachnuMber. The fail-
ure of the actualpressuresto conformto these
predictionsis dramaticallyillustratedby plotting
the dataas shownin Fig.12.

Both of the previoustestsemployedunswept
wings. A similartestemployingwingsof deltaplan-
formwas run at the WeaponsResearchEstablishment
(WRE)in Australia.A comparisonof the resultsof
thistestwith the predictionsof the panelmethod
is illustratedin Fig.13.
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Fromtheseexamplesand others,one may conclude
thatthe solutionsbasedon lineartheorygivea
quitesatisfactoryqualitativedescriptionof the
flowof realgas abouttheactualconfiguration,but
thatthe individualpressuresare frequentlyin
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errorby 20 to 25 percent. Of course,theusual
commentregardingthe use of lineartheoryis that
thepressureson the compressionsideare underpre-
dictedby aboutthe sameamountthatthepressures
an theexpansionsideare overpredicted,and that
theloading(orpressuredifferential)is predicted
quitewell. Whilethisholdsfortherectangular
wings,thedelta-wingresultsdo not supportsucha
conclusion.

NonlinearAerodynamics


The inabilityof lineartheoryto predictthe
aerudynamiccharacteristicsof wing-bodycoMbina-
tionsliesmainlyin the nonlinearvariationof
pressurecoefficientwithangleof attack. There
havebeena nuMberof proposalsforobtainingsolu-
tionsthatare moreaccuratethanlineartheoryand
are computationallyfeasible(thisexcludes,forthe
present,the methodsof characteristicsand finite
differences).Thesemaybe lumpedintotwo
categories:second-ordertheory,andmodifications
to lineartheory.

Thispaperdoesnotdiscusssecond-ordertheo-
riesin any detailexceptto notethata practical
method(froma computationalpointof view)has yet
to be published.Second-ordertheorywillalwaysbe
difficultto manageforplanfornsof arbitraryshape
sincecompletesolutionsmaynotbe builtup by
superpositionof elementarysolutions.A direct
attemptat solutionof the second-orderdifferential
equationappearsto be as greata computational
problemas themethodof characteristics.Onlyif
thesecond-ordersolutioncanbe reachedby itera-
tionon the first-order(orlinearized)solution18
is thereany justificationforthisapproach.

In modifiedlineartheories,the linearsolu-
tionis subjectedto a systematicprocedureyielding
a resultthatshouldbe closerto the so-called
"correct"solution.In theabsenceof exactsolu-
tionsfor thesethree-dimensionalProblems,the
"correct"solutionis obtainedexperimentally.

One of the firstproposalsformodifyingthe
lineartheorysolutionwas to assumethatthe veloc-
itiescomputedfromlineartheoryare correctand
thatthepressurecoefficientshouldbe computed
fromtheenergyequation(assumingisentropicflaw)
by use of the formula

2  =fr.1_Upy(7-1) _ 1) (1)
Cp

	

2 u7

If U is consideredin ternsof itscomponents
+ u, v, andw, Eq. (1)maybe writtenin ternsof

firstand secondpowersof perturbationvelocities
as19

	

2u 2 U2 V2 112
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It has alsobeenproposedthatthisBusemannequa-
tionbe appliedto three-dimensionalproblems.1 By
analogy,Eq. (1)canbe writtenas

02

=
2n

CPlinear
h Clainear v2 + 


Ug
(4)

Any of theseequationscouldbe usedas thebasis
fora systematicvariationof the pressurecoeffi-
cientdbtainedfromlineartheory. Thereis no
theoreticalbasisforpreferringoneequationover
another;in fact,thereis no theoreticalbasisfor
applyingany of theseequationsto theresultsfor
three-dimensionalwings. The successof suchan
approachcanbe evaluatedonlyby comparisonswith
the "correct"values.

Equations(1)and (3)havebeenappliedto lin-
eartheorysolutionsfortwowing-bodycoMbinations
withdeltaand rectangplarplanforns.Thesepartic-
ular configurationsweretestedby theWRE;22'28
comparisonsbetweenthesecorrectionsto linear
theoryand the experimentaldataare shownin
Figs.14 and 15. For someof thepressuretaps,the
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FIGURE14. EVALUATIONOF TWO MODIFIEDLINEAR
THEORIES

In two-dimensionalairfoiltheory,thewell-known
Busemanntheoryindicatesthatthepressurecoeffi-
cientcanbe written20

FIGURE15. USE OF ISENTROPICCp EQUATION

modifiedtheorygivesimprovedresults,but on the
wholethisapproachappearsto holdlittlepromise.
In fact,suchan approachcouldneverbe completely
successfUl,as indicatedby Fig.16. The linear
theoryfora deltawingas correctedby Eq. (3)is
comparedto Fowell'sexactresults24forthiswing.
The correctiondoesimprovethe linearsolution,
but it doesnot modifythe locationof the ray that
formstheboundaryof the zoneof influenceof the
apex of thewing. Theuppersurfaceof thewing
(expansionsurface)has localMachnuMbersgreater
thanthe free-streamMachnuMberand thereforehas
a smallerregionof rootinfluencethanwouldbe
predictedby drawinga Machlinefromtheapex.
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FIGURE16. MODIFIEDLINEARTHEORYFOR 47°

DELTAWINGAT M = 3, m = 4°

Thisshiftmightbe predictedby the panel

methodappliedin an iterativemanner,usingthe

localMachnuMberinsteadof the free-streamMach

nuMberin the calculationof thematrixof aerody-




namicinfluencecoefficients(Fig.17). Sucha cal-




culationhasbeenmade on thewingshownin Fig.16

and is shownin Fig.18 as the curvelabeled"modi-




fiedlineartheory." Thisapproachis successfulin

modifyingtheboundarybetweenthe innerand outer

MACH LINES BASED ON

LOCAL MACH NUMBER

FIGURE17. ITERATIVEPANELMETHODUSINGLOCAL

MACHNUMBER

domainsof the solution,but stillfailsto predict
the properlevelof pressure.Nevertheless,this
resultis promisingand lendssupportto the concept
of developinga computingprocedurebasedon a modi-
ficationof lineartheorybut stillutilizingthe
conceptof superpositionof elementarysolutions.
The accuracyof sucha procedurewouldbe intermedi-
atebetweenthe resultsof lineartheory,whichcan
nowbe obtainedeasilyand quickly,and the exact
methods,whichundoubtedlywillrequiregreat
amountsof computertime.

GeneralRemarkson Comparisons

BetweenTheoryand Experiment

The use of experimentalresultsas the standard
by whichtheoreticalmethodsare judgedand modified
requiresconsiderablecautionto avoidmisleading
conclusions.The processof collectingexperimental
datais subjectto manyrandomand systematicerrors.
In additionto errors,it is importantto remember
thatthe airflowthrougha windtunnelis not a uni-
formstreamof inviscidperfectgasbut is a some-
whatturbulentstreamof viscousrealgas. The
assumptionof inviscidflawin the theoreticaldevel-
opmentrequiresthe parallelassumptionthatthe
effectsof viscositycanbe isolatedand removed
fromthe experimentaldata. Oneway to assessthe
effectsof viscosityis to repeatthe experimentat
variousReynoldsnuMbers,as in the testreportedby
Nielsen.5Figure19 showstheresultsof thistest,

2 3
vaa

FIGURE19. aTtCT OF REYNOLDSNUMBERON

INTERFERENCEPRESSURES

as wellas WRE testsat a comparableReynoldsnuMber.
As shown,thereis a significantReynoldsnuMber
effect;consequently,the failureof the linear
theoryto agreewiththe experimentmay wellbe due
moreto the effectof viscositythanto a neglectof
higherorderternsin thedifferentialequation.
The discrepancybetweenthe twowind-tunneltestsis
not to be takenas a differencebetweenfacilities,
sincethe testsweremadewithdifferentconfigura-
tionsat differentMachnuMbersand anglesof attack.
The parameter BP/m simplyis not invariantwith
angleof attadkand MachnuMberas predicted.

Nielsen'stestswereall conductedwith free
transition.The WRE testswere conductedwithrings
aroundthe nose of themodelto inducea turbulent
boundarylayeroverthebody. Remeasurementof the
pressureswithoutthe transitionringsgavethe
resultshownin Fig. 20. Thereis a definiteshift
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FIGURE20. UFECT OF TRANSITIONON INTERFERENCE
PRESSURES
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in the locationat whichthewingbeginsto affect design. Thispaperon theaerodynamicsof thebasic
thepressureson thebody. A similarresultis wing-fuselagecoMbinationis onlyone steptoward
reportedin Ref.25. the predictionof the characteristicsof the complete

flightvehicle.
It is concludedthat in any experimentalinves-

tigationof wing-bodyinterference,specialcare
mustbe takento assessthe importanceof boundary-
layereffects.The principalmethodsthatthe
experimenterhas at his disposalare variationof
the ReynoldsnuMberand theuse of varioussizesof
particlesto inducetransitionfroma laminarto
turbulentboundarylayer. It doesappearthatthere
is a significantinteractionbetweentheboundary
layerand the externalflowat the Reynoldsnumbers
uslmllyencounteredin windtunnels.Thisapplies
mainlyto the fuselage;on thewingthe effectseems
to be minimal It maybe thattheseinteractions
are also importantat flightReynoldsnuMbers,in
whichcaseit willbe necessaryto developan inte-
gratedviscous-inviscidtheoryof flowabout
wing-bodycoMbinations.

Summaryand Conclusions


The panelmethod,basedon aerodynamicinflu-
encecoefficients,is a convenientand economical
way to obtainaccuratesolutionsto virtuallyall
problemsof wing-bodyinterferencein linearized
supersonicflow. Lineartheorysolutionsare ade-
quateforthe majorityof engineeringstudiesof
airplanesystemsalthoughtheaccuracyis not suffi-
cientto providethe informationrequiredforthe
detaildesignof a specificconfiguration.The prin-
cipalareaof difficultyis the failureof the lin-
earizedtheoryto predictthevariationof
aerodynamicloadingwithangleof attack. This
variationis found(experimentally)to be distinctly
nonlinear.

Computingtechniquesbasedon the fundamental
equationsof inviscidgasdynamicsare underdevelop-
mentat severalinstitutions.Someof thesepro-
gramsevenincludethe effectof theboundarylayer.
It doesappear,however,thatuntilccmputersof
muchgreaterspeedand capacityareavailable,meth-
odsof thistype (finitedifferences,characteris-
tics)willnotbe usedwidelyas engineeringdesign
tools. Theyare of greatvalue,nevertheless,in
providingbenchmarksolutionsby whichmore
approximatemethodscanbe evaluatedandrefined.

Researcheffortin the problemof wing-body
interferenceshouldbe directedtowardthe develop-
mentof theoreticalmethodsthatadequatelydescribe
thenonlineareffectsdiscussedin thispaper,as
wellas providenumericalresultswithoutextrava-
gantamountsof analysisor computation.Thesetech-
niquesmightbe basedon thedirectsolutionof the
second-orderirrotationalequationsof motion,but
is morelikelythattheywillbe basedon a
systematicprocedureformodificationof the
first-ordersolution.

The utilityof suchcomputingprocedureswould
repaythedevelopmentcostsmanytimesoverin the
eliminationof expensivetrial-and-errorwindtunnel
testingin the refinementof aircraftconfigurations.
Modernaeronauticaldesignersmustfreethemselves
fromdependenceon ad hoc testingforaerodynamic
data if the spiralingincreaseof developmenttime
and costthatthreatenstheaviationindustryis to
be arrested.The key to a reversalof thistrendis
the developmentof reliabletheoreticalprocedures
foruseby thoseintimatelyinvolvedin aircraft
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